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Arc length and surface area

Introduction

We have used integration and developed results to find areas and areas between curves and volumes of revolution
when curves are rotated about either the x or y-axes. In this investigation we will develop definite integrals to find the
length of a plane curve and the surface area formed when the curve is rotated about the x or y-axes.

Length of a curve
Suppose that the curve y = f (X) is continuous on the closed interval a < X <b . The curve can be thought of as

being made up of infinitely many short line segments as shown.

v

Ay

Ax

Consider two typical neighbouring points with coordinates P (., f (X,_;)) and Q(x;, f (x;)) on the curve.

The length of the small slope joining the points Pand Qis As =d (PQ) = \/( X — XH)Z +( f(x)-f (XH))Z
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Arc length and surface area

Surface area

When the curve is rotated 360° about the x-axis, it forms a surface of revolution S .

y

X X
y
I v
) S
f) | ---====y pe.

Ax

The surface area of the disc or frustrum of a cone is given by
AS =7z (f(x)+f(X,))As, where sis the arc length.
We can approximate the arc length and surface area from

X =a to X = b by subdividing the interval X €[a,b] into n equal

b-a

strips each of width h and then X, =a, X, =b, X, =a+ih, where h=——.
n
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Arc length and surface area

Question 1
Using the provided tns file, for the function f (x) = \/; . Subdivide the interval X [0, 6] into n strips, where

n=12,3,4,6,10,50,100 and in each case give your answers correct to four decimal places, to

a. find the length of the curve from X =0 to Xx=6.
b. When the curve is rotated about the x-axis it forms a volume, find the surface area of this volume of revolution.
c. Are these values approaching a limiting value?
Answer
a.b.

n arclength | surface area

1 6.4807 49.8712

2 6.5487 59.3709

3 6.5834 61.8905

4 6.6051 62.9688

6 6.6312 63.8874

10 6.6502 64.4706

50 6.6907 64.8976

100 6.6944 64.9180

The values appear to be approaching a limiting value.

Question 2
Repeat for the function f (x) =log, (x). Subdivide the interval x & [1,7] into n strips, where

n=1,2,3,4,6,10,50,100 and in each case give your answers correct to four decimal places, to

a. find the length of the curve from X =1to x=7.
b. When the curve is rotated about the x-axis it forms a volume, find the surface area of this volume of revolution.
c. Are these values approaching a limiting value?
Answer
a.b.

n arclength | surface area

1 6.3077 72.2446

2 6.3568 75.6876

3 6.3747 76.4226

4 6.3823 76.6920

6 6.3893 76.8886

10 6.6933 76.9903

50 6.3957 77.0453

100 6.3959 77.0470
c. The values appear to be approaching a limiting value.

© Texas Instruments 2022. You may copy, communicate and modify this material for non-commercial educational purposes provided Author: Raymond Rozen

all acknowledgements associated with this material are maintained.

I TEXAS
INSTRUMENTS



Arc length and surface area

General results for arc length and surface area
Denoting AX =X —X_, , Ay="f(x)-f(x,).
a

AS = (Ax)2+(Ay)2,and x,=a,b=x, x =a+ih, h:b%

the total length of the curve s from x=a to x =D is obtained by summing

over all such elements and taking the limitas n — oo oras Ax — 0.

s_Ilm J Ax Ay _Ilm f1+ Ax

Axao x=a Aan x=a

The total surface area S when the curve is rotated about x-axis is found by
summing over all such discs between X =a and x =b and taking the

limitas N — oo oras AX—0.

—m&( (X2)W(AxX) +(ay)y

x=h x=h x=b 2
S=1lim Y 2zyAs=lim > 2zy,(Ax)" +(ay)" =lim > 2zy 1+(%) AX

AX—=0 x=a AX—0 x=a AX—0 x=g

S= Ey 1+(gyj dx = z;zj yds—27zf f(x) 1+(f’(x))2 dx

Note that for some functions the definite integrals obtained for the arc
length or surface area can not be found using our integration techniques

and CAS must be used to evaluate these definite integrals.

Using CAS for arc length

1 Actions
5 2 Number -
I . . N= 3 Algebra & Product
CAS has a built in function to determine WS 7 Function Minimum
5 Probabil® Function Maximum
the arc length of the curve y = f () X 6 Statistic 9 Tangent Line
g 7 Matrix 8~ Normal Line
. $¢ 8 Finance IERaUEe)]
over the interval a< x<b. % 9 Functior C Series N
D Differential Equation Solver...
On a calculator page, choose 4:Calculus B: Arc Length and complete using the syntax E Implicit Differentiation
F Numerical Calculations 4
arcLen( f (x),x,a,b). ‘
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Arc length and surface area

Question 3
Setup a definite integral to find the length of the curve y = X+ %
X

L . a
from X =1 to X =2 and evaluate, giving your answer in the form B

where a,be Z. Check your answer using CAS.

Solution
y=xX"+—= Xt xt
12x 12

W g Lyrge 1

dx 127 77 122

2 2
1+(ﬂJ =1+(3x2— L zj
dx 12x

2 1 1 Y
=1+(3x*) —2x3x* 2+( J
12x 12x

S1eox -ty = ol L -
2 144x 2 144x
:(3x2+ 12j
12x
(‘b d 2
S= 1+(d_y] dx witha=1and b=2
X

r2 1 2 1
S= (3x2+ 2jdx:J (3x2+—x2jdx
J1 12x 1 12

169
24

1
.r.1,2)

12-x

2
ancLen(x" +
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Arc length and surface area -

Question 4

For curves of the form y = X" + Lm for which we can find the
CX

arc length, by evaluating the definite integral by hand, express
mand ¢ in terms of n. Given another four types of curves of this

form for which we can find the arc length.

Solution

2
o 1.m 2. 1 m 4 m
=1+n’x*" 2—E+——n2x2n 2+§+ = X" ——
cX cX cX

For the middle term to be constant and overall then a perfect square, we require

2nmx"*  2nmx"™ "1

cx™ c 2
m=n-2 c=4nm=4n(n-2)

Functions of the form  y =X"+———-—— , N=3,4,56,..
4n(n-2)x
n —
y="f(x)
3 y= s, 1
12x
4 1
4
y=x*+
32x?
° y=x"+ 1
= £ » =7
60x° !
° y=x"+ 1
96x°
7 1
y=X + 5
140x
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Arc length and surface area i

Question 5
For the function f (x)= Jx.

a. Set up a definite integral for the length of the curve from x =0
to X =06 and using CAS evaluate.
b. When the curve is rotated about the x-axis it forms a volume,

find a definite integral for the surface area of this volume of
. o . ar
revolution giving your answer in the form — where a,be Z.

Solution
1 _1
a. y:\/;:XZ , ﬂzlx ZZL

2 ER -
J{d_i] i :\)};1 Gm In(2- E+§)+10-J6_ !
b ay - dx
S:J 1+(dxj dx, a=0, b=6 0
) Je Jaxii N arcLen(Jx x,0,6) (26 f) 106
o 2 In(2 6 +5)+10- 6 6.6968
S:%[Ioge(2£+5)+10«/ﬂz6.6968 4 i

b 2
b. S:J’ 2y 1+(ﬂj dx, a=0, b=6
. dx
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Arc length and surface area il

6 2
S:J 2y 1+(d—yj dx, a=0, b=6
. dx

s =2 i L2 Lo f Vi

let u=4x+1 d—u:4
dx

terminals x=6, u=25, x=0, u=1

s L |2 2 ” Vs 33 1
S="f"urdu="]Su? | =2 25717 [=7(125-1)
4% 43" | 6 6

Using CAS for surface area

CAS does not have a built in or intrinsic function to find
the surface area, but we can easily develop a notes page
to implement this or write a TI-Nspire program. a=0"0 b:=6 > 6
Define £1(x)=/x » Done

Define df(x)=—(f l(x)) » Done
dx

Find the Surface Area of f1(x) fromato b

b
2- 7 J(ﬂ(‘\’) +(af() )""‘ ’ _TT

a -

Question 6
Setup a definite integral to find the surface area obtained

by rotating the curve y =+/3x+4 from Xx=0to x=2
. y . ar
about the x-axis and evaluate giving your answer in the form F

where a,be Z. Check your result using CAS.

Solution
1 dy 1 -2 3
=/3x+4 =(3x+4)2, ——=3x—x(3Xx+4) 2 = ——
y ( ) dx 2 ( ) 2/3X+4

dy ? 9
1+ — | =/3x+4 1+—
y\/ J{dxj i +4(3x+4)

4(3x+4)+9
=/3x+4 (4X— ;T)::%\/le+25
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Arc length and surface area

rb

2
S=2x|vy 1+(ﬂj dx with a=0and b=2
Ja dx
r2 1
S=2r —“12";25 dx = (12x-+25)z dx
J0
3 2
2

S :n{ixg(12x+5) }
12 3

0
T 3 3 T T

5= —[492 —252} ~ (343-125)="(218)
18 18 18

1097
9

S

Author: Raymond Rozen
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Arc length and surface area

Surface area of a cone

Question 7
Show that the surface area of a cone with height h and radius ris

givenby S =zrvh*+r?or S = zrs where s=+h*+r?.

Solution
b ) d h

2 h
S=2r ' dx +r sz}
W h 2" |,

2;zr\/WB(h2 _0)}

S= "

S=nxrvh®>+r? =zrs, s=+/h?>+r?

Arc length with the y-axis

Suppose that the curve x = g (') is continuous on the closed
interval ¢ <'y <d . The total length of the curve x = g(y) from

y=C toy=d is obtained using the result

S= _[As_llm ./ Ax Ay _I|m (ij Ay

Ay—0 y=¢ AyaO x=a Ay

:Jj 1+(3—;jdy=fmdy
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Arc length and surface area

Surface area around the x-axis
When the curve x = g('y) is rotated 360° about the x-axis, between

y=candy=d itforms a surface of revolution S , let

a=g(c)and b=g(d) then

b q 2 »
S=2x y‘/1+(—y] dx=2z["" yds
Ja dX e

ry=d 2 _
S=2r y\/@dy—zﬁﬁjjy 1+(g'(y))z dy

J y=c
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Arc length and surface area

Question 8
For the curve X = y?
a. Setup a definite integral involving y to find the length

of the curve from y=0to y = \/6 and evaluate giving

your answer correct to four decimal places, using CAS.
b. When the curve is rotated about the x-axis it forms a volume,
setup a definite integral involving y to find the surface area of

this volume of revolution and evaluate, giving your answer in

the form a{ where a,be Z. Check your result using CAS.

c. Compare your results with Question 5.
Solution
a X=y° ox_ 2y

dy

d 2
dx [[e
s= ’1+ 1l dx, c=0, d=+6
JC [dyj J1+a32 dy

s:_[fwllJAy2 dy |

6.6968

5= %[Ioge (2J€+5)+1o\/€} ~ 6.6968

d 2
b. S=J 27y 1+(%) dy, ¢=0, d=+/6,
\ y

S= 2;zj'f y/1+4y? dy

let u=1+4y? d—u:8y,
dy

terminals y:\/g, u=25 y=0,u=1

B |2 3 ®
S:—j u?du=—|—u?
4% 4|3

1

3 3
5= z(252 —12j = Z(125-1)
6 6

s_ 627
3
c. Answers agree with Question 5.
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Arc length and surface area in parametric form
Given the parametric curves (1) x = x(t) and (2) y =y(t)

the length of the curve between t =t, and t =t, is given by

t 2 2
J(%j (9 a
t dt dt

When the parametric curve is rotated about the x-axis, between

t =t, and t =t,the surface area formed is given by

et
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Arc length and surface area

Question 9
A particle moves along a curve defined by the vector equation

r(t)=cos(t)i+cos(2t)j for 0<t<rx
a. Find the Cartesian equation of the curve and sketch the graph of the curve.
b. Find the speed of the particle.

c. Setup a definite integral involving t to find the total length of a curve.

Find the total length correct to four decimal places.

d. When the curve is rotated about the x-axis, setup a definite integral involving ¢ to find the surface area.
. . . a .
Find the surface area giving your answer in the form Tﬂ where a,be Z and check your result using CAS.

e. Verify your results for ¢. using the cartesian equation.

Solution
a. y =cos(2t)=2cos’(t)-1

y=2x"-1, xe[-11], ye[-11] 1

parabola \ /
b. X =cos(t) y =cos(2t) 1 \ 1

. dx . . d . /

X:E:—sm(t) y:d—¥:—25|n(2t) ™ {

b A

velocity vector (t)=—sin(t)i—2sin(2t)

2 2
the speed ‘[(t)‘ = (%j +((;—)tlj

\/sm (2'[) Define xl(:} s(! » Done
Define yl(:)= (2' !} » Done

Define 1'(!] xl[r] yl(f)] » Done

c. s= j \/sm t)+4sin’(2t) dt = 4.6468 .
Define v(r) —(r(r)) » Done

t
dx dy ‘
d. S:Jt 27Z'y(t)\/(aj (dt) dt Define speed(s

T
length:=[ speed(r) dz » 4.6468

\-_-/"‘0

=norm [v(;)) » Done

S = I cos(2t \/sm t)+4sin’ (2t)dt=64—7r m . =
3 surfacearea:=2- - Ul(!)-speed(t)]dr
0
e. y=2x"-1, ﬂ=4x 23
dx . :
) (J4 (am{ ("111{ )J « cos(2- ::).]r.‘l:
s=[ V1+16x" dx = 4.6468 0
1
J1+16-x2 dx » 4.6468
-1
arcLen(2- x?-15-1,1) » 46468 .
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Question 10

Arc length and surface area

A particle moves along a curve defined by the vector equation 1 (t) = (t —sin (t))i + (1— cos (t)) jforo<t<2z

a. Sketch the graph of the curve using CAS. What is the name of this curve?

b. Find the speed of the particle in terms of t.

¢. Setup a definite integral involving t to find the total length of the curve and evaluate.

d. When the curve is rotated about the x-axis, setup a definite integral involving { to find the surface area and evaluate.

e. Verify your results using CAS to ¢. and d.

Solution
a. cycloid

b. x=t-sin(t) , y:1—cos(t):25in2(%j

dx

X=E=1—cos(t) yzd—i/:sin(t)

d
velocity vector F (t) = (1— cos (t))l +sin(t) j

2 2
the speed ‘[’ (t)‘ = \/[%) +(2—U

HOE \/(1 cos(t )2+sm

_\/1 2cos(t)+cos’ (t)+sin®(t)

o o]

-2

n
:Zsin( J 0<t<?2
(™ [rdx? (dy Y
IOEGE
t dt

JYy

r2r t
S = 23in(—jdt
0 2

s= [—4cos(%ﬂ2” =—4cos(z)+4cos(0)
8

| —

N | — N

0
S =

© Texas Instruments 2022. You may copy, communicate and modify this material for non-commercial educational purposes provided
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-1

Define xl(!}=r—sin(r) * Done
Define yl(!}=1—cos[z] » Done
=[x1(r] yl(r}] * Done

Define 1'(!]
d

Define v(r)=—(r(.f]} » Done
dr

Define speed( ﬁnorm[ ()) * Done

2'm
1en;th:=I speed(s) ds » 8.0000
0

Author: Raymond Rozen
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t 64 64
1—cosz(§) dt T

t du 1. (t
let u=cos| —| —=-=sin| —
2 t 2 2

terminals t=0, u=1 t=27, u=-1
- 3 3P

S =-167[ 1(l—u2)du:167r u—L | —32zlu-L | =327 (1—% _bar
' 3, 3 |, 3)| 3

Surface area around the y-axis
Suppose that the curve 'y = f () is continuous on the closed interval a < x <b andlet c = f (a)and d = f (b)

then When the curve is rotated 360° about the y-axis, it forms a surface of revolution S .

x=b q 2 y=d dx
S=2z| x 1+(—yj dx=27| x4+ = dy
dx dy
X=a y=C
Question 11

For the function f (x) =Jx, xe [0, 6] . When the curve is rotated about the y-axis it forms a volume, setup two

definite integrals to find the surface area of this volume of revolution and evaluate using CAS giving your answers correct
to four decimal places.

Solution Method 1 Method 2

dy 1 dx
BN A 0K yiex %o,
y =20k y=x, y gy =2

1 [4x+1 Y ——
= 4+ — = _ — 2
dx \/ 4x \/ 4x 1+ dyj =1+4y
b dy 2 rd
S=L2”X 1+(&j dx, a=0, b=6 27X /lJ{SyJ dy, ¢=0, d=+6
6 v
Vax+1
S:27rj X 2 dx S=27rj'fy2«/1+4y2 dy ~117.6092
S= nj Jx(4x+1)d [490[ log, (265 )]

S ~117.6092

wn
I
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Arc length and surface area

Summary of all formulae

Arc Length

Xx-axis y_f J /1+ dx dx j,/1+

d
y-axis x=g(y) s= J /1+ dx dy fy 1/
“lrax ) (dyY
parametric between t =t and t =t,, s= \/(—j +(—y) dt.
Vldt dt

Surface area around the x-axis

x-axis 'y = f J y /1+ dx f y,/1+

d
-axis X = S=2 1 dy =2 1
y-axis x=g(y) IZ'J yf +( j y = ﬁfyc Y/ +

t, > 2
parametric between t =t, and t =t,, s= 27rJ y(t)\/(%j +(z_3t/j dt .

b

Surface area around the y-axis

x-axis 'y = f :J’ X ’1+ dx I x,/1+

d 2
. dx y=d ' 2
y-axis x=9(y) S 27er X 1+(d—yj dy:27rfy=c Xy1+(9'(y)) dy

b 2 2
parametric between t =t and t =t,, s= 27;J x(t)\/(%j - (3—){) dt.
4
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Arc length and surface area

Surface area of a sphere
¥

h
y"‘ ‘ﬁ‘"
4

Question 12
a. Show that the surface area of a sphere of radius ris given by S = 47zr?.
b. Obtain the parametric equations of a circle of radius r and hence verify the result for the surface area of a sphere.
c. Show that the circumference of a circle of radius ris C =27zr .
Solution
a. XC+y?=r?, y=+4r’-x?

2X+2y— dy =0, dy _—

dx dx y

r 2 r 2 2
S:ZnJ y f1+x—2 dX:47[J y /X +2y dx
i y 0 y

S=dx| rdc=dzr| ldx=4zr[x];

S =4zxr?
b. x =rcos(t) y=rsin(t)
X:%:—rsin(t) y:%_rcos(t),since r>0

the speed | (t \/( \/r sin’ (t)+r” cos® (t) = \/rz (cos2 (t)+sin’ (t)) =r
N

) oo(&) H :

S = 27Z'j r’sin(t)dt = 27r* [ —cos( )]Z=27[I’2(—COS(7Z')+COS(O))

S =4nr?
t
dx dy . x
c. S= (—j ( j dt  alternatively J dx = 4J
J:l\/ gt ) " Lat Wy \/7
C=47rj.frdt:47zr[t]§:27zr C= 4r[sm (rﬂo 4r(sin™*(1)-sin™*(0))

C=2xr
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Arc length and surface area

Question 13
For the function f :[1,7] >R, f(x)=log,(x), setup definite integrals involving x and use CAS to give answers
correct to four decimals, to

a. find the length of the curve from x=1to X=7.
b. When the curve is rotated about the x-axis it forms a volume, find the surface area of this volume of revolution.
c. When the curve is rotated about the y-axis it forms a volume, find the surface area of this volume of revolution.
d. Repeat a. b. and c. using different definite integrals involving y.
Solution
dy 1 dx
a. =log. (x), —+== d y=log.(x), x=e¢’, —=¢’
y=log.(x). = y =log, (x) &y
x=7, y=In(7), x=1 y=0 x=7, y=In(7), x=1 y=0
( 2 s= [0 1+e d
y
[“H ]dx 1
X
/1 s:loge(4\/§+9j+4\/§z6.3959
f'7 2 7
X“+1
S= dx
J1 X
5= |og{4ﬁ7+9J+4ﬁz6.3959
dy 1 dx
b. y=log,(x), ——== d y=log,(x), x=e’, —=¢’
y @16()GIXX y =log, (x) &
r7 2 Oge 2
S=2x J 1+e“)d
S=2x | vy 1+(1J dx I ) Y
) X S ~49.6326
r7 2
log. (X)VXx°+1
S=2x ge( ) dx
J1 X
S ~49.6326
dy 1 dx
c. y=log (x), X+== d y=log.(x), x=¢’, —=¢’
y=log,(x), =% y =log, (x) &y

S 2;;J7X [1{1}2]&( S=2r j / 1+e2y)dy
X S =7r(loge(2\/§+3)+34\/§)

s =27 x* +1dx S ~156.5959

S =n(|oge(2ﬁ+3)+34ﬁ)

S =156.5959

1
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Question 14

Arc length and surface area

A particle moves along a curve defined by the vector equation 1 (t)=cos®(t)i+sin®(t) j for 0<t <2z

a. Sketch the graph of the curve. What is the name of this curve?
b. Find the speed of the particle.

c. Find the total length of this curve.

d. When the curve is rotated about the x-axis, find the surface area.

e. Find an implicit relationship for the equation of the curve and verify your results for ¢. and d.

Solution
a. astroid  x=sin®(t) , y=cos’(t)
x =X~ _3c0s2 (t)sin(t)
dt

y= % =3sin’(t)cos(t)

2 2
the speed ‘[(t)‘ = \/(%j +((;—)tlj

(1) = \/(—33in (t)cos? (t))2 +(3sin(t)cos(t))

os’ (t)+9sin*(t)cos’(t)

)
:\/Qsm() s (t)(sin? (t) +cos? (t))
)

0s’(t) =[3sin(t)cos(t)|

] 3.
:E‘sm(Zt)‘ :Esm(Zt) 0<t<r

- dx ) dy ?
c. S= — | +| == dt using symmet
J’t \/(dt) (dtj 9 SYmmE

S= 4xgj‘fsin(2t)dt

s= 6[—%cos(2t)f =-3cos(7)+3cos(0)

S=6
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all acknowledgements associated with this material are maintained.

Define xl ! (cos )3 * Done

2
Define yl : =( !)‘" » Done
Define r [ ] * Done

Define v(r)=i(r(z]) » Done

x

Done

Define spe edl: J f)=norm [V(i‘)) b

speed(r) . 3. Slll(;‘"COS(F}H

2rm
length:J speedl(s) dr » 6.0000
0

n
surfacearea:=2- m- V[ (yl(r)- speed(!))dr
0
12-m

£
-’
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Arc length and surface area

N CEOE
S= 2><27zJ- sin®(t)3sin(t)cos(t)dt
S :12ﬂjfcos(t)sin4(t)dt

let u=sin(t) (;—E[J=cos(t)

terminals t=0, u=0, tzz, u=1 D R
2 2 5
1
S 21272'.[ (u“)du 12- n- ([sin(r))4- cos(r))dr
0 0
u 1
S=127Z'{—:| :127{——0} 1 127
5 0 5 i 5
2|2 -1
5 4- 1 1-x~ -x 7 ldx
e. x=sin®(t) , y=cos’(t) -
1 1
3

sin(t)=x® , cos(t)=y?,
2 2
x%+y® =1 usingimplicit differentiation

sin?(t)+cos’ (t) =1

E

1 1
X %4 2 E

by symmetry
S= 27zx2f yX 3dx

1 3
2\ _1
S47zJ' (1—x3) X 3dx

0

127
5

S =
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