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Introduction

A liquid flows into an irregular shaped vase at a constant rate, is it possible to
describe the changing height of the fluid using mathematics? In this investigation
you will collect data for the height of the liquid at various times, produce
mathematical equations to model these rates and changes, determine an equation
for the volume of the liquid at any height h, and finally, produce a 3D model of the
vase! The 3D model will be dynamic, meaning you will be able to rotate it in any
direction.

Equipment

e YouTube video:

e TI-Nspire Calculator
e TI-Nspire file: Solid

Filling the Vase

Question: 1.

Imagine the vase pictured above is being filled at a constant rate to a depth
of 20cm (as shown). If this process takes 90 seconds, sketch a graph of the
height versus time.
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Solid of Revolution

Open the TI-Nspire Solids of Revolution file. Read through the
instructions on Page 1.1 then navigate to the spreadsheet on ®|" height |F time  |© = i
page 1.2 then watch the YouTube video: =

Related Rates and Solid of Revolution
http://bit.ly/JugFilling

Enter the data on page 1.2
(Spreadsheet).

Graph your data on page 1.3 of the document.

Although it was the height that was used to determine the time
interval, this was due to practical limitations. Time will be
plotted on the independent axis and height on the dependent.
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Question: 2.

Relate key features of the graph to the shape of the vase including a comparison of your sketch graph
with the one obtained from the video.

Volume of the Vase

Note: Make sure your document settings have Float =5 or 6. Due to the practical nature of the questions
in this section, calculations need a high level of accuracy in order to model the shape of the vase.

Navigate to page 1.4 where a picture of the vase is shown. The
aim here is to develop an equation to model the shape of the
vase. A cubic function can provide an approximate model.

Four points P, Q, R and S have been plotted and their
coordinates stored:

P:(x,y), Q:i(x,Y,), Ri(X,y,) & S:i(x,Y,)
P:(1,3), Q:(655), R:(12,35) & S:(19,3)

»
@ The [VAR] key can be used to recall stored variables. This is a very useful way of recalling
values stored on other pages within the same problem.
Question: 3.

Determine the equation for a cubic passing through points P, Q, R and S. Graph it on the same page
and discuss how well it fits the shape of the vase.

Important: Define your equation as: f(X)
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Solid of Revolution

Question: 4.
Explain why the vase is easier to model when tipped on its side.

The theoretical volume of the vase can be
determined by rotating the function around
the Xx- axis.

vzﬂjf(x)de

The actual volume of the vase is 1 litre when
filled to a depth of 20cm, the amount shown
in the original picture.

Question: 5.

Use the calculator (CAS) to determine the volume of the vase when filled to a depth of 20cm by
rotating the function obtained in Question 3 around the X axis. Discuss the accuracy of the result.

Question: 6.

Use the calculator (CAS) to determine an expression for the volume of liquid in the vase as a function
of height (h).

Define this function as v(h)

Question: 7.

According to the function: v(h), what would be the height of the liquid in the vase when it is half

full? (500ml). Compare this answer with the data collected in Question 1.

Related Rates

The aim of this section is to determine a rule that describes the rate at which the height of the liquid is
changing. The data collected in Question one is a record of the height at some time t. A visual inspection of
this data combined with knowledge regarding the shape of the vase can produce answers to questions such
as: “When is the height of the liquid changing most rapidly?” Itis however possible to determine a rule for
this rate.

Consider the following:

dh dh dv dv This can be determined from information provided and collected
— =—X— — = constant alread
dt dv dt dt v
dh _ _ _ \
d— This can be determined as the reciprocal of —
Vv

Question: 8.
: d o : :
Determine a rule for: E and hence where the height is increasing at a maximum rate.

Note: The rate can be in terms of the height of the liquid A.
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A function relating the height of the liquid and time can be determined by considering the following:

v(t) = J'constant dt This can be determined from information provided and
collected already.

dv

— = constant
dt

In Question 6 a rule was established for the volume in terms of the height. The information above can be
used to determine a relationship between volume and time.

Question: 9.

Write a rule relating height and time and define this rule as t(h) and discuss how well the function
models the data. (See below)

The rule defines the time in terms of the variable height, do not try and transpose the equation to
obtain height in terms of time. The function can be validated using the instructions below.

Navigate back to page 1.3 and swap the axis... placing height on |55 1: Plot Type PR i

. . . . . . 5 2: Plot Proper| X 1: Ren
the horizontal (independent) axis and time on the vertical axis. 3 3
( P ) R 3: Actions | /2. Add Movable Line
bt RANANZERNN < 3: Lock Intercept at Zer
From the Analyse menu select Plot Function. RN 4L W] 2: Plot Function
{1l 6: Settings... [/A\S: Shade Under Function

For the function enter: t(X) 5 4 6: Regression »
o® 2 7: Residuals b

. i . A7,
Note: The calculator plots functions in terms of x. ¥ % 6 Plotvalie
D2 Am show Normal PDF
@‘\, A: Graph Trace

Extension — Drawing the 3D Vase

With equations relating to the vase validated, it is now possible to reproduce a 3D model of the vase on the
calculator, a model that can be rotated and observed from any angle!

Insert a Graph application into the document. k 1: Actions »

%2:View 1. Gr 1||\I\-_\

. . 3 Grag 2 Plane Geometry
Change the View to 3D Graphing. %4: WinE 3: 3D Graphing
#% 5: Trac)l. 4: Hide Analytic Window
\t 6 Analjl. 5: Hide Axes
% 7; Tabl{EEE 6: Grid »
45 8: Geol2t 7: Hide Entry Line (Ctrl+G)
19 Setti 45 8: Hide Axes End Values

9: Hide Object Selection Guides

-6.67 T
Change the 3D Graph Entry option to Parametric. Rk 1: Actions >
81 2: View PE—
To get a better view of the vase it is also worth hiding the ‘box’ | #3: 3D Graph Entry/Edit M4 1: Function
L. . . + 4. Range/Zoom 4 5= 2: Parametric
that is displayed by default. To hide the box, use the View © 5: Trace N
menu. 11l 6: Settings... ~ ‘
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To view the entire vase the window settings need to be
changed, there will be three sets of settings... as you will be
viewing the vase in 3D.

From the Range/Zoom menu select Range Settings. The
following settings are important:

Xmin =-8 Xmax =8
Ymin = -8 Ymax =8
Zmin=-1 Zmax =21

Notice also in this menu, short cuts for zoom in / out are
available by pressing x to zoom in and + to zoom out.

From the 3D graph screen, press [TAB] to access the equation
entry lines. Three equations are entered and two parameters
are used.

The rule that describes the shape of the vase is entered in both
the x and y direction. This is achieved by using: f (t) to recall

the rule for the shape of the vase defined in Question 3.

The expressions Sin(u) and cos(u) rotate the curve around

the axis and the tin zp1 extends the graph along the z axis.

To see the entire vase the domain for the parameters u and t
must be set. The parameter dialog box can be accessed by
using the touchpad or by press [TAB] from the equation entry
followed by [ENTER].

Adjust the settings as shown opposite. The value of t
represents the minimum and maximum values for the height.
The values for u represent the rotation achieved by the two
functions sin(u) and cos(u), therefore Umax = 2.

Your vase is ready!

To see how the original equation is rotated around the axis to
form this solid of revolution, edit the equations as follows:

xpl  f(t)-sin(n-u)
ypl  f(t)-cos(n-u)
zpl

Use the Actions menu Insert a Slider (settings shown opposite),
select okay and then vary the slider.
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k 1. Actions
13 2: View
@ 3: 3D Graph Entry/Edit »
Sl T[40 |82 1: Range Settings...
% 5: Trace 11 2: Aspect Ratio. ..

111 6: Settings... |5% 3: Shrink Box (3 or<)
23 4: Magnify Box  (x or >)

¢ 5: x-y-z Orientation (o)
L,6: x-y Orientation  (2)
i.7:y-z Orientation  (x)

>

1.8: x—z Orientation (y)

Note: Zoom in/out are different than
the windows settings... try it once the
vase is on the screen.

mm *Solid =
pl (tu) = f(f)-sin(u)
O wpr cw= 1) cosl)

Pl tu =1

mm *Solid <

3D Plot Parameters

y tmin = [d |

i [

z tmax = |20 I

umin = |0 |

umax = [6.283185 |

|§|| |Cancel|

Slider Settings

Variable: I r‘ J (o]

Value: I 1

Minimum: | 0

Maximum: I 1

Step Size: | g o5
ste S

||E_K| | cancel|
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