Teacher Notes Objectives

(‘ e Explore the connections between an accumulation
- function, one defined by a definite integral, and
Activit y 17 the integrand
e Discover that the derivative of the accumulator is
the integrand
Materials
e TI-84 Plus/ TI-83 Plus
Fundamental
Theorem of Teaching Time
calculus e 50 minutes

Abstract

This activity follows the Accumulation Function activity and explores graphic and
numeric manifestations of the Fundamental Theorem of Calculus. The version
covered here states that if f is a function continuous on the closed interval [a, b], and
X is any number in [a, b], then the function

X
F(x) = f f(t)dt
a

is an antiderivative for £. Another way of expressing this result is

d X
d—Xja f(t)dt = f(x)

Students evaluate an accumulation function using list variables in the graphing
handheld. They note the location of relative maxima in the table of values for the
accumulation function and see that each corresponds to a sign change from positive
to negative in the values of the integrand. Similarly, they see that a minimum on the
accumulator occurs where the integrand changes sign from negative to positive.

With the values of the accumulator in a list variable, it is possible to verify the
Fundamental Theorem of Calculus by forming a difference quotient. This is
suggested as a follow-up activity.

Evidence of Learning
Students will:
¢ be able to predict the location of local extrema on the graph of functions of the

form g(x) = J.: f(t)dt by inspecting the graph of y = f(x).

* recognize that changing the lower limit of integration in the function
gx) = J': f(t)dt results in a vertical translation of the graph of y = g(x).

© 2004 TEXAS INSTRUMENTS INCORPORATED



168  Calculus Activities

e be able to differentiate functions defined by definite integrals, such as

d (X
I = ja f(t)dt.

Management Tips and Hints

Prerequisites
Students should:

¢ be able to graph functions and navigate the CALC Menu to find zeroes of a
function.

e be able to produce a scatter plot. The activity introduces them to the seq
command.

e know the notation for defining a definite integral; an integral’s value is positive
when the integrand is positive over the interval of integration, and an integral’s
value is negative when the integrand is negative.

The accumulation function activity or some other experience with functions defined
by a definite integral is necessary preparation for students.

Common Student Errors/Misconceptions

e Students may have difficulty with the idea of a “dummy” variable (the variable
of integration) and distinguishing it from the independent variable of the
accumulation function (usually an upper limit of integration).

e Students can lose track of where the values in the list L2 actually come from.
Each results from the evaluation of a definite integral.

Extension #1

After students have seen that the derivative of Y2(X) is Y1(X), it is sensible to
confirm this numerically. Follow the steps outlined below.

1. Have half of the students copy L2 into L4, and have the other half copy L3 into
L4. Shown are the screenshots that came from using L2.

Lz Lz T Y

n i L T - [
AE8EF | -1.=18
=181y | -1.1E8
A7BeE | -.800:
.B=788 | - =989
.98 | -~.5HL
Arenq | -E2zH

Ly =L =
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Activity 17: Fundamental Theorem of Calculus 169

2. Position the cursor on the first value in L4, and press to delete it. Do the
same for the last value in L2. Each list will then contain a total of 47 values, with
the values of L2 (or L3) and L4 offset by one.

Lz L3 LY y] [Lz e LY z
0 -1.478 | KA -0z08 [ -1.y98 | 1zzom
Agocy [ -17z18 | z191Y Axz88 | -174E | ZEzHG
7181y | -1’19 | [47EGE ‘zhzHE | -1Z1E | [Z4B1E
J47BES | -.598% | Jgz7o8 F4BAB | -143F | 37418
‘63798 | /B389 | [7REA: -10y | F30zE
78683 | -'6@1 | JBEEQA werila| 1iue | EEYER
9EEnd | -Ezzl | 13148 || ______ -1.26M | o

Lyid=, 1595741652, | [Letvwr=, 332541 16..

3. Define L5 as (L4 — L2)/(2*DX) as the difference quotient for the accumulation
function, Y2 or Y3. Replace L2 with L3 for half of the students. This will
approximate its derivative.

L3 LY H ] [Lz LY LE E
-1.478 | 1587 [ o -1.478 | .15857 | M
-1.318 | (FiEih -1.x18 | .¥181k | 14988
-1159 | [4FERE -11E9 | [47@RE | 14@ay
- @8z | ‘gz7og -.ga@8z | ‘gz7o8 | 1487E
- /@288 | [POgAz -.@z88 | [Fogaz | 1yoy
-.6A1_ | .BEEQD -.6A1_ | .BEEQD | 14BGE
-5225 1.1118 -Ezzl | 11148 | 1m74y
E=ily—Lz2 (s | |LE=]1,499997155..

4. Delete the first element of L1. Define PLOT3 as a scatter plot of L5 versus L1.
Select only Y1 and PLOT3 for graphing. Draw the graph. If you get an error
message about a DIM MISMATCH, check that the lengths of L1 and L5 are the
same.

Flokl Flotz AITE
On

e T e &Y

Alistilg 1
“Y"1iztilc [
Mark: o

The scatter plot and the graph of Y1 coincide.

Extension #2

Ask students to examine the locations of points of inflection on the graphs of PLOT1
and PLOT2. They should see that these points occur at extrema on the graph of Y1.
Points of inflection on the graph of a function always occur at extrema on the graph
of the derivative. Moreover, a point of inflection is a place where outputs are locally
changing the fastest. Because the function is accumulating area, it should change
the fastest where the integrand is farthest from the x-axis.
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Activity Solutions
1. There is no area to calculate.
2. The integrand, Y1(X), is positive over the interval [0, 0.10638].

0.21277 0.10638

3. Io ZCOS(X;)—O.Sdt >j0 ZCOS(X;) - 0.5dt
because the integrand is positive over the interval [0.10638, 0.21277]. More
positive area has been accumulated.

4. 2.0213

5. 1.9886

2.1277 2.0213

2 2
X X
6. [0 2cos(—3—)—0.5dt < Io 2cos(—3—)—0.5dt

because the integrand, Y1(X), is negative on the interval [2.0213, 2.1277].
Negative area is accumulating, so the accumulation function is decreasing.

7. The answers to Questions 4 and 5 are approximately the same because the
maximum value of the accumulation function, Y2(X), will occur when
accumulation of the positive area stops and accumulation of the negative area
starts. This occurs where the integrand changes sign from positive to negative
(the answer to Question 5). The answer to Question 4 is the approximate
location where the values of Y2(X) reach a maximum.

8. 3.8298
9. 3.8594

10. The answers to Questions 8 and 9 are similar because the accumulation function
reaches a minimum when negative area stops accumulating and positive area
starts accumulating. As in Question 7, this occurs where the integrand changes
sign from negative to positive.

11.4.7753

12. Y2(X) reaches another local maximum at that point. Looking at the table, the
maximum occurs near 4.7872.

13. Answers will vary. Focusing on x = 0,

0 2
X
Y5(0) = Io 2cos(§) —-0.5dt
is zero because the upper and lower limits of integration are equal. However,
0 2
X
Y5(0) = j1 2cos(—3-)0.5dt <0

because the integrand is positive, but the integration occurs from right to left.
This places the graph of L3 below the graph of L2.
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Activity 17: Fundamental Theorem of Calculus 171

14.PLOT1 and PLOT2 have the same shape because each increases where the
integrand is positive, and each decreases where the integrand is negative. In fact,
at each value of x, the two plots are changing at exactly the same rate because
each accumulates area under the graph of Y1. The Fundamental Theorem says
that the two accumulation functions, Y2 and Y3, have the same derivative, Y1.

d
15. 2(Y5(X)) = Y1(X)
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