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1. 
Pose the question below, asking students to reason from their intuition without making calculations.
 
Example from Core-Plus Mathematics: Course 3, 2008, McGraw-Hill Education Global Holdings, LLC. 

There are about 300 fish currently in a pond. The population decreases by about 20% each year 
due to the combined effect of all causes, including natural death, fish being caught, predators, etc.
At the end of the year the pond is restocked with 300 fish.

Assume this occurs indefinitely, that is, every year another 300 fish are added.
 
Make a conjecture about what will happen to the fish population in the pond. 

2.
Use a visible quiz to force a commitment to one of these three choices. 


A. The fish population will grow without bound.



B. The fish population will level off. 



C. The fish population will die off.
3. 
Solicit reasons for their conjectures.  

· If some think the population will die off, try to get other students to explain to them why that is 
impossible, since 300 fish are added each year. 

· Some may be surprised that it will level off. Others may suggest this is reasonable by thinking in terms of fishing pond ecology where it reaches a point where it is in balance (the fish have neither too much nor too little food). For those who think it will level off, ask for guesses on what might that level be.
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4.
Produce the recursive equation NEXT = 0.8NOW + 300 with 300 as the initial value.

a.
Now in their groups, ask students to use the last-answer 
 

feature of their graphing calculator (done in prior classes) 


to find the population each year over time and 


test their conjecture. [They will find the long term population is 1500.]



b.
Ask if the fish population changes faster at Year 5 or around Year 25. 


[Near Year 25. At this point, it may be difficult for them to explain why.


This can be more easily addressed once a mathematical model is more 


formally developed.  See Step 11 later in this lesson plan.]


5. 
As before, assume that 20% are lost and 300 are added each year, 
 
but the initial population of fish in the pond is different than 300. 

Ask them to make a conjecture what will happen to the long term population based on the
 
initial amount of fish in the pond. Use a visible quiz to force a commitment to choose:

A. The long term population will be larger than 1500  if the initial population > 300. 

B. The long term population will be smaller than 1500  if the initial population < 300.

C. The long term population will always be 1500, regardless of the initial population.
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6.
Students use a simulation to test their conjecture and revise it if needed. (Surprisingly, they will find it is C.)

Formulate: “We have found that when there are eventually 1500 fish in the pond, 

when 20% are lost and are 300 added there be 1500 back again.  

We call this value the stabilization point.”

a.
“Suppose that w represents the value of stabilization for this scenario. How can we express the above 


statement in a mathematical equation involving w, 300, and 0.20?”  [ Answer: (1–0.20)w + 300 = w]


b.
Ask students to work in pairs to solve the equation (1–0.20)w + 300 = w for w. 
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c.
As a class, discuss:
”In general, if r is the percent of the population retained, written as a decimal, and a is the amount added
each year, what value in our problem is represented by r?”  [Answer: 0.80]  “What is a?” [Answer: 300].



“Now generalize the above using r, a and w:”
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“What does this say about which variables have an effect on the long term population, w?”


[The value of w does not depend on the initial population, but only involves the percent kept, r, 
 

and the amount added, a.]
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7. 
Plant the wish deep in students’ hearts to be able to graph the population of the fish vs. time for the long run. 
 
Ask students to conjecture what they may think this graph would look like, guided by their previous work.
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Students might sketch

something like the 

graph to the right, or 

they may have other 
 
conjectures.

“We have built a table of 
 
values on the home screen 

 
using the last-answer feature. 

Plotting these is nontrivial.
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To check our conjecture, 

we would like a non-recursive
 
formula which gives P in terms of n.”

Note: Recursively, 
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8.
“To test our conjecture we need to model this with an equation, which requires seeking out a pattern.”

[Work with the class to model P with a geometric series with ratio r = 0.8 and constant term a = 300.]
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Using the formula for a finite geometric series from the previous lesson, students have the model
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This can be simplified:
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Students enter the formula into their graphers to check if the graph matched their conjectures from Step 7. 
Point out as 
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Follow-up: 


11. [image: image21.png]
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Ask for the graph of y = Crn , for r <1. 
[The y-intercept is (0, C) and it decreases.
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The distance from asymptote y = 0 to intercept is C.]

Students can check by entering y = 1500(0.8)x in their grapher.


What happens to the above graph if we multiply by a negative sign?

[We have y = −Crn and the graph is reflected vertically. 
 
The distance from asymptote y = 0 to intercept is still C.]
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Students can check by entering y = −1500(0.8)x in their grapher. 
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What happens to the above graph if we add C?
 
[We have y = C − Crn and the graph is shifted up vertically by C units. 
 
Since distance from asymptote y = 0 to intercept is C, 
 
the asymptote y = 0 is now shifted up C units as (use gloves!),


making the asymptote now y = C.  So as 
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Students can check by entering y = 1500 −1500(0.8)x in their grapher. 
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In general, show 
Now we can better explain what was asked in Step 4b. 
For an exponential decay function y = Crn with r <1, the amount lost each time is a percentage of the previous amount, which smaller and smaller, making the rate of change more gradual for larger inputs 
as it nears its asymptote. 

Because the graph of the fish population is an upside down shifted exponential decay function, 
it too has slower growth for larger inputs.




Growing Population of a Fish Pond





Population, P (fish)





Number of years, n 





n�
Pn�
 �
�
1�
300�
 �
�
2�
540�
= 0.8(300) + 300�
�
3�
732�
= 0.8(540) + 300 = 0.8(0.8(300) + 300) + 300�
�
 �
 �
= (0.8)2(300) + (0.8)300 + 300�
�
4�
885.6�
= (0.8)[(0.8)2(300) + (0.8)300 + 300] + 300�
�
 �
 �
= (0.8)3(300) + (0.8)2(300) + (0.8)300 + 300�
�
5�
1008.48�
= (0.8)4(300) + (0.8)3(300) + (0.8)2(300) + (0.8)300 + 300�
�
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In general, for r < 1:
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12.	What happens if r > 1?  �Ask students to consider a pond with fish that increase by 20% per year instead of decrease, �with 300 added each year. Most should conjecture the pond would be overtaken with fish, �which they could also confirm with a simulation using the last-answer feature where �NEXT = 1.20NOW + 300. By reasoning analogous to Step 11, they would �obtain a graph of y = 1500(1.2) n −1500, an (unreflected) exponential growth function �shifted down by 1500 which passes through the origin and grows without bound.�In general: Since r > 1, C = � EMBED Equation.DSMT4  ���. �Then if K = |C|, the above formula  y = C − Crn becomes y = −|C| + |C|rn  = Krn − K, �where, as before, |C| is the distance from the asymptote to intercept.
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Questions or comments? Please contact:�John LaMaster, Department of Mathematical Sciences�Kettler 264�Indiana University-Purdue University Fort Wayne �2101 Coliseum Blvd. East�Fort Wayne, IN 46805-1445 �Office Phone: 260.481.5430�E-mail: lamaster@ipfw.edu
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