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4. A cylindrical barrel with a diameter of 2 feet contains collected rainwater, as shown in the figure above. The

water drains out through a valve (not shown) at the bottom of the barrel. The rate of change of the height & of

dh 1
the water in the barrel with respect to time ¢ is modeled by o =— Eﬁ , where / is measured in feet and

t is measured in seconds. (The volume V of a cylinder with radius r and height 4 is V = 7tr2h.)

Source: 2019 AP Calculus AB and BC Free-Response Questions
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(a) Find the rate of change of the volume of water in the barrel with respect to time when the height of the
water is 4 feet. Indicate units of measure.

(b) When the height of the water is 3 feet, is the rate of change of the height of the water with respect to time
increasing or decreasing? Explain your reasoning.

(c) Attime 7 = 0 seconds, the height of the water is 5 feet. Use separation of variables to find an expression
for 4 in terms of 1.

Source: 2019 AP Calculus AB and BC Free-Response Questions
Copyright (© 2019 The College Board.
Reproduced with permission. http://apcentral.collegeboard.com.
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dh

@ V=nm?h=r(yh=rh 2:{1:{;;—7111,[
ﬂ‘ - ( —J4 ) -= cublc feet per second 1 - answer with units
dt |4 dt )_4
()dh__#ﬁ 1 ( 1J—) 1:1(_L ):_L
dr? 20k dt 20Nk 200 dh\ 10 20v7
s 1 3i9 .4 ___ 1 dh
ecause — ) =300 > 0 for & > 0, the rate of change of the R 20vh di
height is increasing when the height of the water is 3 feet. 1 - answer with explanation
Source: 2019 AP Calculus AB and BC Free-Response Questions
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Source: 2019 AP Calculus AB and BC Free-Response Questions
Copyright (© 2019 The College Board.
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1 : separation of variables
1 : antiderivatives
4: < 1: constant of integration
and uses initial condition
1: h(t)

Note: 0/4 if no separation of variables

Note: max 2/4 [1-1-0-0] if no constant
of integration
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Part (a)

Solution

V =7r?h = n(1)*h = 7h

dv dh dh 1
o= g =g = (-5 v)

1
=7 (-1—0\/4—1> = —g cubic feet per second

h=4

_dav dr 5 dh
Note: %—77<2r dth+r dt)
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Technology Solution
m *extensio..abd

v(!):=1t' J,,2. h(t) Done
d 02
<(00) 2 )-r2n
772 2 fif =1 and =t =
10 .
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Part (b)

dh 1
= _ =
dt 10\/_

Represents the rate of change of the height of the water with respect to time.

dz_h — _i . 1 -1/2 @ Power Rule and Chain Rule
dt2 10 2 dt
1 1 . dh
- . __ﬁ> Use expression for T
20V < 10 '
= L Simplify
200
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Part (b)

2
dh=i>0forallh>0.

Note: —
Y T 200

Therefore, the rate of change of the height is increasing when the height of the
water is 3 feet.

—(hpnme(r)) ‘%(h(f))
20- \hle
--1
— h —
A 10 200
20- Al S
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Example 1 Height Remodeled

Suppose the rate of change of the height i of water in the barrel with respect to
dh

time ¢ is modeled by — = 2e~ VP,

When the height of the water is 4 feet, is the rate of change of the height of the

water with respect to time increasing or decreasing? Justify your answer.
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Part (c)

Solve the initial value problem using the method of separation of variables.

ﬂ — _i dt Separate variables
Vh 10
ﬂ — /_i dt Integrate both sides
Vh 10
hl/? o .
2\/_ _ t+C Basic antidifferentiation rules
12 o
25 = Lt 0+C — C =25 Use initial condition
10
2\/ﬁ — _it + 2\/5 Use value for C'
10
1 2
h(t) = [ ——¢ 5 Solve for h in terms of t
(0= (~55¢+ v5)
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Part (c)
Technology Solution

mm AN ) *extensio..abd

deSolve(h‘=;—;- Jh and h(0)=5,f,h)

I~
20

solve(\fﬁ_ =J5_ —é,ﬁ)
(e=20- 5)*
00

f=—and ¢-20- /5 =0
4

v

Example 2 Slope Field and Solution Curve

dt

(b) Sketch the solution curve on the slope field that satisfies the initial condition
h(0) = 5.

: . : . dh 1
(a) Sketch the slope field for the differential equation — = —E\/ﬁ
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Example 3 Inverted Cone

A water tank has the shape of an inverted circular cone with base radius 3 m and
height 9 m. Water is being pumped into the tank at a rate of 5/2 m®/min. Find
the rate at which the water level is rising when the water is 4 m deep.

‘f9
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