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2019 AP@J Calculus Exam Power Series Representation

Questions
(1) Which functions have power series representations?

(2) How can we find these representations?

Suppose f is any function that can be represented by a power series.
f(x)=co+cr(x—a)+ oz —a)* +cs(z —a)® + - -

A power series in (z — a)
A power series centered at a

A power series about a.

Try to determine the value of each coefficient ¢, in terms of f.

fla)=co
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2019 AF’@'y Calculus Exam Power Series Representation

In search of the coefficients.

@ A power series with radius of convergence R is differentiable.
f!(x) = c1 + 2co(x — a) + 3es(x — a)?® +deg(x —a)® + - -
Let z =a: f'(a) =1

o Differentiate again.

() =2co +2-3c3(x —a) +3-4(x —a)* +---
Let z = a: f"(a) = 2co

o Differentiate again.

f"(x) =2-3c3+2-3-4eq(r —a)+3 -4-5c5(x —a)? +---

Let x =a: f"(a) =2-3c3 =3lcs
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2019 AP@J Calculus Exam Power Series Representation

In search of the coefficients.

@ Recognize the pattern. Continue to differentiate and let z = a.
f™@)=2-3-4----nc, =nley,

@ Solve this equation for the nth coefficient.

f"(a)

Cp = 0
n.

This formula is valid even for n =0: 0! =1 and f© = f
Theorem

If f has a power series representation at a, that is, if

o0

f(ac):ch(x—a)" |z —a|] <R
n=0
then its coefficients are given by the formula
(n)
R0
n!
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2019 AP® Calculus Exam Taylor Series, Maclaurin Series

Power Series, Taylor Series Connection

@ Use the formula for ¢,,.
If f has a power series expansion at a, then it must look like this.

™) (q
-3 Ly

f'(a)

["(a) f"(a)
1 +

o (@~ a) 3!

= f(a) + (x —a)+ (x—a)*+---

@ This is called the Taylor series of the function f at a, or about a,
or centered at a.

@ Special case: a = 0.

SO 0 ) SO, SO 10

n v 1! 2 31

fz) =

n=0

This is called a Maclaurin series.
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A Closer Look

(1) If f can be represented as a power series about a, then f is equal to the sum
of its Taylor series.

(2) There exist functions that are not equal to the sum of their Taylor series.

i3 TExAs INSTRUMENTS



2019 AP® Calculus Exam

Example 1 Maclaurin Series J

Find the Maclaurin series of the function f(z) = e® and its radius of convergence.

Solution
If f(z) =e® = fM(x)=e* = f0(0)=1foralln

Therefore, the Taylor series for f about 0, that is, the Maclaurin series, is

oo oo
™oy B " D T
HZZO P _HZ:OH_1+ﬂ+§+§+”'

. . T
To find the radius of convergence, let a,, = —
n

2"t pl
(n+1) 2

an+1
(2293

2] lim

Ap+1 .
n -+ 1 ' n—o00

Gnp

By the Ratio Test, the series converges for all = and the radius of convergence is
R = 0.
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PISCWNIGAH IS Maclaurin Series for e®
A Closer Look

(1) If e* has a power series expansion at 0, then we found it!

o0 n

T
e’”:E —
n!

n=0
(2) Question: Does e” really have a power series representation?

(3) More generally: Under what circumstances (conditions) is a function equal to
the sum of its Taylor series?

If f has derivatives of all orders, when is it true that

© 4(n) (g
fy =3 Ty
n=0 :
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2019 AP@J Calculus Exam Taylor Polynomials

Taylor Polynomials

o If the Taylor series converges to f(x), then f(x) is the limit of the sequence of
partial sums.

@ The partial sums:

" F) (g .
Tn(m):Zf k|( )(x_a)k
k=0 ’

f'(a)
1!

"(a (n)a
f()(x—a)Q—l— f ()(:I:_a)n

(x —a)+ 51

— fla)+

T,.(x): the nth-degree Taylor polynomial of f at a.
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2019 AP® Calculus Exam

Example 2 Taylor Polynomials for e*

If f(z) = e®, the Taylor polynomials at 0 (or Maclaurin polynomials) with n =1,
2, and 3 are:

x? z?2 a3

Ti(x)=1+x; Tg(a:):1—|—m+2' ;

] 1.1 *content_bc6

x 20 (N, XD xT fl(x)=er
mylor(e ,x,3) 1+x+x_+x_ f4(1)71+1+T+T
2 6 x_z
£3() =140+ —
mylor(ex,x,G)
xz x3 x4 xs x6 fZ(x}=1+x
14x+ + + t t
2 6 24 120 720 o
>%’ .
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-1
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The Remainder

o f(x) is the sum of its Taylor series if f(z) = lim T, (x)

n—roo

@ To evaluate this limit, and to determine when a function is equal to the sum of
its Taylor series, consider the remainder.

Rp(z) = f(x) — To(2); f(z) = Th(z) + Rn(2)

o If lim R,(x) =0 then

n—oo

lim 7, (z) = lim [f(z) — R, (z)] = f(z) — lim R,(x)= f(x)

n—oo n—oo n—oo

Theorem

If f(x) =T,(z)+ R,(x), where T}, is the nth-degree Taylor polynomial of f at a
and

nl;rr;o R,(z)=0

for |z — a| < R, then f is equal to the sum of its Taylor series on the interval
|z —al < R.
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2019 AP® Calculus Exam
Notes

(1) To show li_)m R, (z) = 0 for a specific function f, we often use Taylor's
n o0

Inequality. This provides a bound for |R,(x)|.

(2) We can prove that e” is equal to the sum of its Maclaurin series.
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2019 AP@J Calculus Exam Taylor Polynomials
Examples

(1) Find the Taylor series for f(xz) = e® at a = 3.

(2) Find the Maclaurin series for cos x. Graph several Taylor polynomials and
cos x on the same coordinate axes.

(3) Use the series in (2) to find the Maclaurin series for sin z.

(4) Find the Maclaurin series for f(z) = 22 sin .
(5) Evaluate /e‘m2 dz as an infinite series.

(6) Find the first three nonzero terms in the Maclaurin sereis for e” cosx.
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