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FO 0y = —n- M (0) forall n 21
6. A function f has derivatives of all orders for —1 < x < 1. The derivatives of f satisfy the conditions above.
The Maclaurin series for f converges to f(x) for |x| < 1.

2 3 4

. . X X X .
(a) Show that the first four nonzero terms of the Maclaurin series for f are x — — + -7 and write the

273
general term of the Maclaurin series for f.

(b) Determine whether the Maclaurin series described in part (a) converges absolutely, converges
conditionally, or diverges at x = 1. Explain your reasoning.

(c) Write the first four nonzero terms and the general term of the Maclaurin series for g(x) = J;c f(¢t) dt.
1 . 1 .
(d) Let B, 2 represent the nth-degree Taylor polynomial for g about x = 0 evaluated at x = % where g is

the function defined in part (c). Use the alternating series error bound to show that

S0 (1]
2] 82| = s00°

Source: 2017 AP Calculus AB and BC Free-Response Questions
Copyright (© 2017 The College Board. .
Reproduced with permission. http://apcentral.collegeboard.com. JL‘ TexAS INSTRUMENTS
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(@ f(0)=0
£0)=1
£1(0)=-1(1) = -1

J(0)=-2(-1) =2
@(0)=-3(2) = -6

The first four nonzero terms are

-1 2 23 =6 4 _ X
0+1x+?x +§x +Fx =x-5

(%)

X

X
t 3o

n+l _n
The general term is (_1)7)6

1 n+l
(b) For x =1, the Maclaurin series becomes z( )

The series does not converge absolutely because the harmonic series
diverges.

The series alternates with terms that decrease in magnitude to 0 and
therefore the series converges conditionally.

Source: 2017 AP Calculus AB and BC Free-Response Questions
Copyright (© 2017 The College Board.
Reproduced with permission. http://apcentral.collegeboard.com.

11 £"(0), £"(0), and £)(0)

34 1: verify terms

1 : general term

2 : converges conditionally
with reason
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* 2 3 4 _\rtln
(C)If(t)dt= t—t—+t——t—+---+(l)7t+--- dt 1 : two terms
2 3 4 n .
0 3: 4 1 :remaining terms
B ﬁ_i+i_i+...+ (_1)n+1 o+l . =x 1 : general term
12 32 43 5.4 (n+1Dn -0
2 3 4 5 n+l _n+l
EESNNE ST S SN ) S S
T2 e T2 20 T e
(d) The terms alternate in sign and decrease in magnitude to 0. By the 1 : error bound
alternating series error bound, the error &(%) - g(%) is bounded
; (1/2y
by the magnitude of the first unused term, |— 50|
1 1 (1/2y 1 1
) |l <|= -
Thus, P“(z) g(z)“‘ 20 |732-20 <500

Source: 2017 AP Calculus AB and BC Free-Response Questions
Copyright (© 2017 The College Board.
Reproduced with permission. http://apcentral.collegeboard.com.
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Part (a)

@ Generate a sequence to find f”/(0), f/(0), and f(0).

@ Use these values to find the first four nonzero terms of the Maclaurin series.

@ The general term is w
1.1 [1.2]1.3
0 B [ D |
= |=seqgen(]
L 0 0
: 1|x
i 12
‘ 2[x\33
. -6 -x 4 =
G1 | 4 | >

*i3 Texas INSTRUMENTS



2017 AP® Calculus Exam [M={eEG

Part (b)
oo -1 n+1
@ For x =1, the Maclaurin series becomes Z (#
n=1

Converges, alternating harmonic series, or AST.
o0
° >
n=1
o

(~1)"+

n

l.y
."‘.-::::.-_...m"
* 112(-'.“):2(3(:)) “l(’ )=a{”) ';- “l(’ )=|a(n)|

-1
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Part (b)
Some numerical confirmation.
D 2.4 DR rap {71 FR TE ofil < |
®|An c C B 'm | so 2117413358024481287753
= E (a(,v)) 3099044504245996706400
1 10.|0.645635| 2.92897 o
- 100.| 0.688172| 5.18738
3 1000, 0.692647 | 748547 50 13943237577224054960759
2| 70000, | 0.69307 | 975761 E (laG))  2099044504245996706400
5| 100000.| 0.693142| 12.0901 o |t
cé KIE
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Example 1 Radius and Interval of Convergence
Find the radius of convergence and the interval of convergence of the Maclaurin
series

i n+1

n=1

Solution
(_1)n+1xn
Let a, = and consider the quotient for the Ratio Test.
a 1 n+1mn+1 n
ntl = ( ) . Definition of nth term; division of fractions
an n+1 (—=1)ntlgn
n . .
= 1 |x| Simplify; property of absolute value
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Consider the limit associated with the Ratio Test.

Divide numerator and denominator by n;
evaluate limit

anJrl
Qnp

lim

_ n
= lim |z| = ||

By the Ratio Test, the series converges if |x| < 1 and diverges if |z| > 1.

The radius of convergence is R = 1. a=0
el 1 n+1
T = Z Converges, AST
= (— )n+ 1(— 2 (—1)2 =1 _
=—1: —_— = -1 - D
x ; g = ( )nzl - iverges

The interval of convergence is (—1, 1].
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@ Define the nth term of the series.

@ Consider the quotient for the Ratio Test.

@ Consider the limit associated with the Ratio Test.

( (_1)n+1_xrr Done
a\nx):=————
a(n+1,t) nx
a(n,x) n+l
- (_) d
n—ol\ln+l
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Part (c)

o Define a function f(t) (with four terms).

o Evaluate the definite integral.

2 2 4 Done ||
Am-m s
2 3 4
"‘f(f) » 2 (3-x% -5 52410 x-20)
h 60
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Example 2 Radius and Interval of Convergence, Part 2
Consider the function f defined by its Maclaurin series

x X x
S =g =N

2 3 4 oo (_1)n+1xn

n

(a) Find the interval of convergence for /f(m) dx

(b) Find f’(x) and find the interval of convergence for f'(z).
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Note:
oo

If the power series Z cn(z — a)™ has a radius of convergence R > 0, then the
n=0

function f defined by
f(x) =co+ci(x —a) + co(x — a)? chx—a
is differentiable on the interval (a — R,a + R).

What is the radius of convergence for f'(x) and /f(x) dx?

What is the interval of convergence for f/(z) and /f(x) dx?
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Part (d)

@ Define the nth term of the series.

o Find the magnitude (absolute value) of the first unused term.
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Example 3 An Examination of Errors

Consider the function f defined by its Maclaurin series

.’132 .’133 $4 oo (_1)n+1mn
fo)=e-g g gt =L

n

(a) Use the Maclaurin series to approximate f(0.5) to six decimal places.

(b) Find a closed form expression for f(z).
2 23 2t
(c) Let Ty(z) == — ) + 3T Use your expression found in part (b) to
sketch a graph of the remainder, |Ry(x)| = |f(x) — Ty4(x)| on the interval
[—0.5,0.5] and justify the general shape of this graph.
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