Name: ____________________________________
Date: _____________________

Introduction to Graphs of Rational Functions (handout)
Math Class
Period: ___


Directions: Follow along with each step.  Perform each of the indicated tasks.  Additional calculator notes are included to help complete the activity.
Warm-up – Graph the following functions in a standard window: 
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Sketch the graph of these functions on the axes to the left.  Label each graph as y1 and y2.  Use only the graph to answer these two questions.
	1. What is the nature of the roots of y1?
___________________________
2. What is the nature of the roots of y2?
___________________________

	If desired, verify your answers using the calculator app Polynomial Root Finder and Simultaneous Equation Solver.


	Running the program Polynomial Root Finder and Simultaneous Equation Solver
	i) Press ( ( ( (to quickly access the “P’s”.
	ii) Press ( until the cursor is at PolySmlt.
	iii) Press ( and then any key.
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	iv) Press ( and then enter the degree of the quadratic (“2”).
	v) Press (. We’ll look for the roots of y1 for this example, so enter the appropriate coefficients.
	vi) Find the roots by selecting solve (pressing the ( button).  This displays the roots.  
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	vii) Enter the other equation by selecting coefs (pressing ().  Continue as before.
	viii) End the app by selecting main (pressing ( ()
	


	Consider the new function created by subtracting y1 and y2.  Enter 
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 into the calculator.


	Entering function using (
	i) Press ( ( ( 
	ii) Press ( ( ( ( ( ( ( ( (
	iii) Change the graph style for y3 to thick (()
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Sketch the three functions on the axes shown and label each.  Use only the graph to answer these two questions.
	3. What are the approximate values of the new function’s roots?
___________________________

4. What is the relationship between these roots and the other two functions? __________________
___________________________

	
Create a fourth function, 
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, to allow exploration of your conjecture using the intersect command (( ( ().  Verify any observations with the table and write your results below.

	Observations:___________________________
	
	x

y1
y2
y3


	
	
	

	
	
	

	
	
	

	
	
	


“The warm-up looked at the subtraction of two functions.  This exploration will look at the division of two functions.”
Exploring – Run the program introrat to load the graphing databases (gbd) needed for this activity.
	Executing programs
	i) Press (
	ii) Press ( until you reach introrat and press ( to paste the program
	iii) Press ( again to run it
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Load gbd 1 to begin the first activity.
	Loading graphing databaeses
	i) Press ( (keystrokes: ( ()
	ii) Press ( ( to access the sto(re) menu
	iii) Press ( to recall the gbd and then press (.  Press ( to execute the command
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Press ( and make a sketch of the image seen on the axes provided.  Make a couple of observation about the image (but don’t press (, yet)
	5. Observation 1:  ______________
___________________________
___________________________

6. Observation 2:  ______________
___________________________
___________________________
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Create a better window by pressing ( ( (ZDecimal).  Sketch the new graph on the axes provided
	7. Remembering what happened in the warmup activity, what additional observations can you make?

___________________________
___________________________
___________________________


	Press ( and write down the entries in the space below.
	In this space, rewrite the equations, but now substitute y1 into y2.
	The y1 equation is a familiar looking polynomial (specifically a quadratic), but y2 is what is known as a rational function.


8. Factor y1 to determine the roots of the quadratic.



9. Use ( to verify your answers on the calculator.  Were you correct?  __________

With your cursor on one of the roots of y1, press ( to inspect the value of y2.  

10. According to your screen, what is the y-value of the rational function?  __________
Interesting… Let’s look at the table (keystrokes: ( () for more clues.

11. Fill in the table below with the results of your calculator’s table.
	x

	y1
	y2

	-3

		
	-2

		
	1

		
	0

		
	1

		
	2

		
	3

		

	
	12. When have we seen table entries like this before, and what did it mean?




13. What is the domain of this rational function?  ___________________

14. Give a numerical reason why your answer must be the domain.  (Hint: Look at the equation for the rational function and your results from question 8)

15. Based on the sketch you made of y1, give a graphical reason why this is the domain.





Let’s try another example to test our observations thus far.  Load gbd 2.  Press ( to find the functions that we are dealing with.  Create a rational function for y2 using the ( button and y1 as the denominator and 1 as the numerator.  In the spaces below, sketch the graph created and write the equations for the two functions.
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(note: the scale marks on the y-axis are 
intentionally left off)
	16. Explore the functions graphically and numerically with the table.  Are our previous observations still true?

___________________________
___________________________
___________________________



The same strange graphical phenomenon as before is occurring around x = -3 and x = 4.  Let’s explore this behavior as x approaches 4 by creating the window [3,5,1,-5,5,1].

	Press ( and make a sketch of the image seen.  Make a couple of observation about the image.
	17. Observation 1:  ______________
___________________________
___________________________

18. Observation 2:  ______________
___________________________
___________________________


Consider the image created by the window [3,5,1,-10,10,1].

	Press (and make a sketch of the image seen.  Explore the graph’s values using (.  Offer an explanation for the “breaks” at the top and bottom of the rational function. 
	19. Explanation:  ______________
___________________________
___________________________
___________________________


When x = 4, this rational function is ______________.  But what’s going on with values just a little less than 4, and values just a little more than 4?  Sounds like an exploration using the table is needed…

Look at the y2 outputs from the table for input values around 4.  Can you make any useful observations?

Perhaps we need to create a more useful table.  One that lets us get see values closer to 4. Instead of our table changing in increments of 1, let’s set it up to change in increments of 0.1.
	Changing table increment values
	i) Press ( (keystrokes: ( ()
	ii) Press ( for your start value and then press ( to set the increment of the table
	iii) Press ( (and then ( to view the new table
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Can you make any useful observations now?  Maybe a smaller increment is necessary.  Set your table’s increment value to 0.01 and then look at the table.  Starting to notice anything?
Since we are trying to find values that are very close to 4, let’s utilize the calculator’s independent variable settings in the table setup screen.

	Changing independent inputs within table setup
	i) Press (
	ii) Press ( ( ( ( to highlight ask
	iii) Press (

	
	[image: image23.png]THELE SETUP
TblSEaTt—l

alhl=





	[image: image24.png]THELE SETUP
TelStart=4
albl=.1
Indrnt: Auto

Derend: [GNER Hs





	[image: image25.png]




	
	iv) Type a value to be calculated close to 4, and press (
	v) Type another number to be calculated, and press (
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20. Fill in the table below with the results of your calculator’s table.

	x

	y1
	y2

	3.99
		
	3.999
		
	3.9999
		
	4.01

		
	4.001
		
	4.0001
		

	
	21. What do you notice?





22. What does the value in y1 mean when 
x = 3.9999 and x = 4.0001?




23. Return to a standard window (( () and explain the behavior of the rational function around x = -4.  Use the table to verify your observations. 




24. Look at the quadratic graph that was used to create the rational function.  How could this graph help explain what is going on with values of the rational function?




This graphical phenomenon is known as an asymptote.  Based your graphical and numerical analysis, offer a definition of an asymptote that includes “what it is”, “what it does”, and “why it does it.”

“On a graph, an asymptote is represented by a dotted line.  In this activity section, you’ll use your calculator to help you draw rational functions with pencil and paper.” 

Activity A – Load the given graphing databases.  For each database, the rational function stored in y3 will be inactive.  Therefore it won’t show up when you press (.  Before you view the calculator’s graph y3, look at the graph of the polynomial that created it and attempt to sketch the corresponding rational function by hand.  Be sure to include the dotted lines.  And finally, y2 = 0 to let you find the roots using intersect.
	gbd 3

	Sketch
	Write the functions
	Did you sketch the rational correctly?
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	gbd 4

	Sketch
	Write the functions
	Did you sketch the rational correctly?
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	gbd 5 – This one does something tricky

	Sketch
	Write the functions
	Did you sketch the rational correctly?
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	What is unusual about this rational function?

Calculate the discriminant of the quadratic to help discover a name for this kind of asymptote.

	gbd 6 – This one also does something tricky

	Sketch
	Write the functions
	Did you sketch the rational correctly?
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	What is unusual about this rational function?

Calculate the discriminant of the quadratic to help algebraically predict when this will happen.

	gbd 7 – This one is for experts only… and you might want to use polysmlt

	Sketch
	Write the functions
	Did you sketch the rational correctly?

	[image: image32.png]



	
	Does the denominator of a rational function have to be a quadratic polynomial?


“Being able to create a rough sketch of rational function given its equation is important.  Just as important, for instance, as creating the equation of a rational function given its graph.” 

Activity B – Time to work backwards.  This time you’ll be given a rational function, and will attempt to sketch the polynomial in y1 that generated it (y1 will not be activated).  This is a critical activity because once we have the polynomial, we can achieve our ultimate goal of writing the equation of the rational function.
	When working on this activity only look at the graphs.  Do not press ( to view the equation until instructed to do so.  Instead find the FnOn command from the catalog to activate the graph and verify your sketch is correct (keystrokes: ( ( ( ( (until you see FnOn) ( ( ()
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	gbd 8
	gbd 9
	gbd 0

	Sketch
	Sketch
	Sketch
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Let’s review creating the equation of a quadratic polynomial.  Based on the roots and the parabola opening up or down, we can create the two binomials whose product produces the original quadratic.  Perhaps doing the first example would be best…

a. What are the roots of the quadratic drawn in gbd 8?

b. What two binomial expressions would generate these roots?

c. Does the parabola open up or down?  What must we include based on this observation?

d. Multiply these expressions

e. Write the trinomial as the denominator of a rational function.  (But remember, not every rational function has a quadratic as its denominator) 
The expression written in step (b) is known as factored form.  Writing this as the denominator has many advantages over the standard form written in the rational produced at step (e).  Can you recognize the advantage on your own?

Write the equations of the remaining two rational functions in both standard and factored forms.  Then verify your answers by reloading the graphing databases and pressing (.
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