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Py ™ ¢ To use technology to explore patterns
o ¢ To use inductive reasoning to make conjectures
about patterns
A C t i \'/ i t y 1 1 ¢ To use technology to produce a sequence

¢ Tofind the xvalue of a function, given the yvalue
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¢ Tofind the yvalue of a function, given the xvalue

¢ Tofind a linear or a quadratic equation for a given
pattern

Get Your Numbers
in Shape Materials

¢ TI-73 graphing device

¢ Small cubes or candy

Introduction

Study the pictures below and find the next shape in each of the patterns shown.

Pattern 1 Pattern 2

The process that you have used to find the next shape in each pattern is called
inductive reasoning. You have used this type of reasoning since you were a baby.
You learned how to eat using the proper utensils and how to turn on the
television by observing others and drawing conclusions. After several trials, you
perfected your skills. Inductive reasoning allows you to make generalizations
based on a pattern of specific examples or past events. These generalizations are
called conjectures or hypotheses. Mathematicians and scientists use inductive
reasoning to make discoveries and develop formulas based on their discoveries.

Mathematicians have used number patterns to describe a variety of phenomena
in nature. For example, a famous pattern that is found throughout nature is the
Fibonacci sequence (see Activities 4 and 8.) In this activity, you will investigate a
variety of sequences.
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152 Activities for Algebra with the TI-73

Problem

How do you use inductive reasoning to find a formula for the patterns that
describe an array of objects or a sequence of numbers?

Collecting the data

A triangular number is a number that can be represented by a triangular
arrangement of objects.

A square number is a number that can be represented by a square arrangement
of objects. Numbers that correspond to geometric figures are called figurate
numbers. The diagrams below illustrate triangular numbers and square numbers.

Stage: Stage:
1 2 3 4 1 2 3 4
® o000
e e o o & 00
o o o o & o e @ o @ 0 o & 00O
o o &6 & o ¢ o & & o o e O o & &0
Triangular Numbers Square Numbers

Use the objects that your teacher will give you to find the next three stages for
the triangular numbers. Complete the table on the Data Collection and Analysis

page.

Do you notice a pattern in the table? Suppose you needed to know the 100"
triangular number. You could continue to form the pattern using your objects,
however this could become tedious and time-consuming. If you knew a rule or
function for calculating any term in this sequence, you could find the 100" term
of the sequence with relative ease.

You will use the finite differences technique to find a function for this sequence.
This method requires that you find the difference between successive values in
the sequence. If the first differences are equal, then the function or rule that
describes the sequence is linear. If the second differences are equal, then the
function or rule that describes the sequence is quadratic. You can use the TI-73
to find the differences.
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Activity 11: Get Your Numbers in Shape 153

Setting up the TI-73

Before starting your data collection, make sure that the TI-73 has the STAT PLOTS
turned OFF, Y= functions turned OFF or cleared, the MODE and FORMAT set to
their defaults, and the lists cleared. See the Appendix for a detailed description
of the general setup steps.

Entering the data in the TI-73

Enter the stage number data in L1 and the value in L2. You will use the sequence
command on the TI-73 to enter the data in L1.

1. Press [LIST). |15 Lz Lz 1
[ | [ R
Licia=
2. Press [4] to highlight L1. Kl Lz Lz i
L1 =
3. Press [STAT] [*] to move the cursor to Ls MATH CALLC
the OPS menu. orth¢
gSDI"‘tD(
SClrLlist
dicdimd
otalisto
GiSelect(
Tlzeyl
4. Select 7:seq( by pressing 7. Kl Lz Lz 1
L1 =z
5. Press(x] ] x](] 10] 8] 10] to complete Kl Lz Lz 1
the command. | | mmmeee| e
Note: The components of the sequence command
are seq(expression or formula, variable, beginning
value, ending value, increment).
Li= X, %.1.8,12
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154 Activities for Algebra with the TI-73

6. Press [ENTER]. The sequence of numbers
from 1 to 8 will be placed in L1.

7. Enter the values for the first eight stages
of the triangular numbers in L2.

8. Find the first differences. Press ] [4] to
move the cursor to the top of L3.

9. Press [STAT] [*] to move the cursor to
the OPS menu.

10. Select 5:AList( by pressing 5.

11. Press [STAT] 2:L2 D].
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Activity 11: Get Your Numbers in Shape 155

12. Press [ENTER] to see the difference between
the successive terms in L2.

—
s
—
-

= B AL e e
[l gt el o - LRL]
o = 2

-
muml.n.rwi e

Lxfy =2

The numbers in L3 represent the first difference of the sequence. Observe
that the values are not equal. Therefore, the function that describes this

sequence is not linear.

Term Number 1 2 3 4 5 6 7 8
Value 1 3 6 10 15 21 28 36
2 3 4 6 7 8
13. Find the second differences. Press ] [4] to Lz Lz L) 4
move the cursor to the top of La. % % ......
b Y
i £
it ]
cl v
B B
Ly =
14. Press [STAT] [*] to move the cursor to Ls MATH CALC
the OPS menu. ortHC
s SortDf
SiClrLlist
didimg
otalisto
E:Select(
ey
15. Select 5:AList( by pressing 5. L= MATH CALC
1:SortAc
2 SortDd
JiClrlist
diddimc
allst(
sSelectc
Tzeyl
16. Press [STAT] 3:L3 D]. Lz Lz K Y
e [
& Y
10 L
it B
el v
B B
Ly=xlistClz2
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156 Activities for Algebra with the TI-73

17. Press [ENTER] to see the difference between
the successive terms in L3.

Since the second differences are equal, the function that describes this

sequence is quadratic.

Graphing the data: Setting up a scatter plot
Plot the data using L1 and L2.

1. Press [PLOT]. Select 1:Plot1 by pressing 1
or [ENTER].

2. Set up the plot by pressing [ENTER] (+] [ENTER]
+] [STAT] 1:L1 [] [STAT] 2:L2 [+] [ENTER].

3. Press [ZOOM).

4. Select 7:ZoomStat by pressing 7.
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i z F——
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Activity 11: Get Your Numbers in Shape 157

Analyzing the data: Finding a trend line

Use a quadratic regression to find the quadratic function that describes this

sequence.
1. Press [sTAT] [1] to move the cursor to L5 I:IF'S I"1FITH [Ei]!!
the CALC menu. —Mat a =
2 Uar Lats
SiManual-Fit
4: Med-Med
S:LinkegCax+b?
&: Quadkea
7 iExpkEeg
2. Select 6:QuadReg by pressing 6. L= OPS MATH [eEMs
1:1-Var Stats
212=-Var Stats
JiManual-Fit
4:Med-Med
aiLinkKegdax+b?
HuadEeg
:ExFReg
3. Press [STAT] 1:L1 5] [STAT] 2:L2 [1]. uzdRea Li.Lz,
4. Press [VARS]. Select 2:Y-VARS by yé[g._{!]ﬂ
ing 2. 1
pressing 2
R
4y
2:Fnln
&:FnOff
5. Select 1:Y1 by pressing 1 or [ENTER]. Duadfea Li-Lz.4Y9
6. Press to see the function. uadkeg
_ . g=ax+bx+c
The function that describes the sequence 3=.5
for triangular numbers has been pasted in Gf- =
Y1. -
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158 Activities for Algebra with the TI-73

7. Press Y5 to see the equation. ALE Flakz Flots
“MiBLDRT2+ . SR+8
wWMe=

W=

wYy=

8. Press to see the graph of the
function.

Use the function to answer Part | questions 1 through 4 on the Data Collection
and Analysis page.

The formula for triangular numbers is a sequence. A sequence is an ordered list
of numbers. You have graphed the formula in function mode. In function mode,
values such as 1.5, 2.3, and 4.7 can be evaluated. For a sequence, however, the
domain can only be integers. Therefore, the plot of the data is a better
representation of the triangular numbers than is the graph of the function.

Finding the formula, a different approach

Another way to find a formula for the triangular numbers is illustrated below.
Examine the diagram and table below for triangular numbers. The black dots
represent a triangular number, and the white dots represent a second triangular

number.
Stage:
1 2 3 4
L NONONON®
@000 00000
00O 0000 N N NN
0 000 0000 0000
1. Term Number 1 2 3 4q 5 6 7 8 n
2. Value 1 3 6 10 15 21 28 36
3. Twice the Value 2 6 12 20 30 42 56 72
4. Factors for Row 3 1«2 | 23 (34 | 45 | 56| 67 (78| 89 nn +1)
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Activity 11: Get Your Numbers in Shape 159

Since the formula represents twice the actual triangular numbers, you must
divide by 2 to find the formula for the triangular numbers. The formula is:
y=%%n(n+1)ory=.5n(n+1). Compare this formula to the function in Y1.

1. Press [LST]. Move the cursor to the top of Lz i Ly E;
L3. i z i
= z b
] Y i
10 L 1
ic B b
el 7 i
B - I
Lr={Z:3:4:5:6,7
2. Press [CLEAR] [ENTER] to clear L3. Press [4] to Lz K Ly k-
highlight L3 again. % ...... i
-] 1
10 b
ic i
el 1
- I I [—
Lz=
3. Enter the formula for the sequence, Lz K Ly z
.5n(n+1), except substitute L1 for n. Press % ...... 1
(J5 [STAT] 1:L1 [STAT] 1:L1 [+] 1 & i
0 it 1
cl 1
] - I [
Lz=.3L1*{L1+12
4. Press [ENTER] to calculate the values. Lz L= Ly Ed
Compare the values found in L2 and L3. % E_ 1
] A i
10 i 1
ic ic b
el cl i
B =4 : N
Lzt =1

There are two types of formulas used to represent sequences. The type you have
just found is an example of an explicit formula. (You will investigate the other
type later in this activity.) An explicit formula is a formula that tells how to find
the value of any term of a sequence without finding all the previous terms.

Complete the Entering the data, Graphing the data, and Analyzing the data
sections using square numbers.

Answer questions 5 - 7 on the Data Collection and Analysis page.
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160 Activities for Algebra with the TI-73

Finding a different formula

As mentioned before, there are two different types of formulas used to
represent sequences. The type you are going to investigate is called a recursive
formula. A recursive formula is a formula that tells how to find a term using the
previous term in the sequence. You will now investigate a recursive formula for
triangular numbers.

Study the pattern listed below to see how the recursive formula is developed.

1. Term Number 1 2 3 4 5 6 7 8 n
2. Value 1 3 6 10 15 21 28 36
3. Formula 1+ 0 2+1 3+3 4+6 5+10 | 6+15 | 7+21 | 8+28 ?

To develop the next term in the sequence, you must add the term number to the
value of the previous term. Use Next to indicate the next value and Previous to
indicate the previous value.

Next Value = Previous Value + Term Number
Value of term 3 + Term Number

10 = 6 + 4

Note: 6 is the value of the 3" term and 4 is the term number.

For example: Value of term 4

Using the TI-73 to test the formula

1. Generate the terms of the sequence. Press [QuIT] to go to the Home
screen. Press to clear the Home screen.

2. Press [2nd] [TEXT]. Press [~] (=] (1) (] (1) [{] [{] to AECDODEFGHTIUJ
highlight the opening brace, “{". Press ELEHEMOFAOESST
[ENTER] to type “{". uywRy[Err -

=FFZL Zand er
Doke
1l

3. Press1[.] 1. These are the term number AECDEFGHTIUJ
and the value of the first term, ELEMNOFOEKST
respectively. uw My z[E]: -

=% =4 =and or
Doke
£1. 10
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Close the expression by pressing D]
to type the closing brace, “}".

Press [+] [+] to exit the Text editor.

Press to store these values on the
TI-73. We will refer to the term number as
Ans(1), and to the value of the term as
Ans(2).

Press [TEXT]. Press [~] (¢) [ (I [ []
to highlight the opening brace, “{". Press

to type “{".

Press [+] [+] to exit the Text editor.

Press [ANS] [ 1 (] (2nd] [ANS] [ 2
1

1
0 () [2nd) [Ans] [ 1[0 (#] 1.

[+]

AECODEFGHTIUJ
ELHNOFAREST
TRRTRN TR - ) ] L
=FrEd Zand o

Oone

1.1

1.1
1,12

01 1
AECDEFGHTIUJ
ELHNOFAREST
Uy wHy[Err -
=F =4 Zand o

Oone

|

1.1

1 1%

|

1.1

1 1%

TAn=C12+1.AnsC2s

+An=C12+10
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10.

11.

12.

13.

Press [TEXT]. Press (] (] (1] [{] [{] to
highlight the closing brace, “}". Press

to type “}".

Press [+] [+] to exit the Text editor.

Press [ENTER] to generate the second term in
the sequence.

Continue to press [ENTER] to generate
successive terms in the sequence.

"::‘::-
o o Ja S
=

iE-=
= M H
|—|I'_

H=rm
XM
Oy ===
So==Em
[ =
=
=

X

T121%
1 1%

TAn=C12+1.AnsC2s
+HN=C1 2 +1

T1.1%

THn=C1 )
+An= 1 2

1 1
AnsC2a
{2 33

+1,
+1%

Answer questions 8 — 10 on the Data Collection and Analysis page.
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Data Collection and Analysis Name

Date

Activity 11: Get Your Numbers in Shape

Collecting the data
Record your data for triangular numbers in the table below.
Stage Number 1 2 3 4 5 6 7 8
Value 1 3 6 10
Analyzing the data

Use your equation from number 8 in the Analyzing the data: Finding a trend line
section to answer questions 1 through 4.

1.

2
3
4.
5

Find the 20" triangular number.

Find the 100" triangular number.

What is the stage for a triangular number that equals 120?

What is the stage for a triangular number that equals 496?

Find an explicit formula for the square numbers.

Stage:
1 2 3 4
® & & O
® & o ® & & O
® O ® & O ® & 0 O
o ® O ® & o ® & & O
Square Numbers
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164 Activities for Algebra with the TI-73

6. Find an explicit formula for the pentagonal numbers shown below.

Stage:
1 2 3 4
®
® o
@ ® 0 O
® O ® & 0 O
® ® & O ® & 0 O
® O ® 0 O ® ®© 0 O
® ® O ® & O ® ® 0 O

7. You go to a back-to-school party. Thirty of your friends are at the party.
After the long summer break, you are happy to see all of your friends. You
begin shaking hands with each person at the party. In fact, each person at
the party shakes hands with everyone else at the party. How many
handshakes are there altogether?

8. Did the values for the triangular numbers sequency match the values you
found using the recursive formula? Explain.

9. Find a recursive formula for the square numbers.

10. Find a recursive formula for the pentagonal numbers.

Note: For questions 9 and 10, follow the steps in the Using the TI-73 to test the formula
section to check your work.
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Teacher Notes

o

%

Activity 11

Get Your Numbers in
Shape

Preparation

Objectives

¢ To use technology to explore patterns

¢ To use inductive reasoning to make
conjectures about patterns

¢ To use technology to produce a sequence

¢  Tofind the xvalue of a function, given the y
value

¢ Tofind the yvalue of a function, given the x
value

¢ Tofind a linear or a quadratic equation for a
given pattern

Materials
¢ TI-73 graphing device
¢ Small cubes or candy

For questions 6 and 10, give the students the following hint.
Hint: Look at the dots. What two figurate patterns form the pentagonal pattern?

Look at the formulas for these two patterns.

Management

For question number 7, act out the situation starting with a smaller group of
students. Develop a table to keep track of the results. Gradually increase the
number of students until there are 20 students. To help the students visualize this,
have students draw a polygon, where the number of vertices of the polygon

represent the number of students.

Answers to Data Collection and Analysis

Collecting the data
Sample data:
Term Number 1 2 4 5 6 7 8
Value 1 3 10 15 21 28 36
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Analyzing the data

Use your equation from number 8 in the Analyzing the data: Finding a trend line
section to answer questions 1 through 4.

1.

10.

Find the 20" triangular number.

210

Find the 100" triangular number.

5050

What is the stage for a triangular number that equals 120?
15

What is the stage for a triangular number that equals 496?
31

Find an explicit formula for the square numbers.

y=x?

Find an explicit formula for the pentagonal numbers.

Y = 1.5x2 - 0.5x

You go to a back-to-school party. Thirty of your friends are at the party. After
the long summer break, you are happy to see all of your friends. You begin
shaking hands with each person at the party. In fact, each person at the party
shakes hands with everyone else at the party. How many handshakes are
there altogether? formula: y="%n(n-1)

For 31 people there are 465 handshakes.

Did the values for the triangular numbers sequence match the values you
found using the recursive formula? Explain.

Yes. Both formulas give the same sequence of numbers.

Find a recursive formula for the square numbers.

For any term, n = previous term + (2n + 1)

Find a recursive formula for the pentagonal numbers shown below. n(n + 1)

For any term, n = previous term + (3n - 2)
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