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NUMB3RS Activity: Tesseract
Episode: “Rampage”

Topic: Tesseracts and Hypercubes Grade Level: 9 - 12
Objective: An investigation of the fourth dimension

Time: 30 minutes

Introduction

In “Rampage,” Charlie and Amita discuss the idea of dimensions and refer to a
tesseract, a four-dimensional cube. This activity explores the idea of dimension and
introduces the tesseract. The terms tesseract and hypercube are used by some
interchangeably, but the hypercube is the broader name for the objects of any
dimension referred to in this activity, and the tesseract is the fourth-dimensional
equivalent of a cube.

A beginning discussion of dimension will be helpful for students who have only an
intuitive understanding of dimension. Dimension can be thought of as degrees of
freedom or movement. A one-dimensional space, which can be shown with a line or line
segment, shows one movement which is along the line. A two-dimensional space allows
movement in the plane. Think of the x-axis and y-axis as determining a plane. For
example, a point has two coordinates, showing two movements, a vertical one and a
horizontal one. To introduce the third dimension, or z-axis, draw the x- and y-axes on
the board, and use a ruler starting at the origin and pointing out of the board. The
movement of any point in three dimensions includes a horizontal (x), vertical (y), and an
“outward” component (z).

More formally, dimension is defined by www.Mathworld.com as “...a topological
measure of the size of its covering properties.” Roughly speaking, it is the number of
coordinates needed to specify a point on the object.

In this activity, students explore the development of a tesseract starting with a
0-dimensional point, building a 2-dimensional square and 3-dimensional cube along the
way. At each stage, students count the number of vertices, edges, and faces. Writing
recursive and explicit formulas that relate these values is left as an extension activity.

Students may struggle with the concept of a fourth dimension. What does it look like?
Where is it? Visualizing the construction of the tesseract is a challenge. One of several
internet resources are listed at the end of the activity includes a helpful section with
references to Flatland: A Romance in Many Dimensions (see reference in Extensions),
and analogies to lower dimensions.
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Discuss with Students

1. How many dimensions does a point have? A line segment? A square? Explain how
you know.

Name a three-dimensional object. Explain how you know it has three dimensions.

In a rectangular prism, you have length, width, and height as your three dimensions.
If there was a fourth dimension, what could it be?

w0 N

Answers to Discuss with Students: 1. a point only specifies a location but has neither length, width, nor
height and is 0 dimensional. A line segment has a length, so it is one-dimensional. A square has length
and width, so that it is two-dimensional. 2. Answers will vary; samples include a cube, which has length,
width and height. 3. Answers will vary. Note: some students may consider time to be the fourth
dimension, but this can be a limiting thought. This question is intended as a brainstorming opportunity for
students, and the idea of the fourth dimension will be explored in this activity.

Student Answers: 1. point has 1 vertex; segment has 2 vertices 2. point: 0 edges; segment: 1 edge
3. 4 vertices, 4 edges 4. 8 vertices, 12 edges, 6 faces 5. the complete chart is shown below

Shape # of # of # of # of
Vertices | Edges | Faces | Cubes
Point 1 0 0 0
Segment 2 1 0 0
Square 4 4 1 0
Cube 8 12 6 1
Tesseract 16 32 24 8

Patterns may include the number of points doubling each dimension; others are possible 6. A tesseract
has 16 vertices, each of the 8 vertices of the cube doubled. Ta. 4 from the original square, 4 from the
projection, and 4 from each of the square’s vertices sweeping into a new dimension or 12 edges.; Th. 12
from the original cube, 12 from the projection and 8 from the vertices sweeping into a new dimension or
32 edges 8. 24 faces: 6 from the original cube, 6 from the projection and 12 from the edges of the cube
sweeping into a new dimension. 9. The tesseract has 8 cubes: the original, the copy, and one from each
of the cube’s 6 faces sweeping into a new direction. A drawing depicting the cubes is shown below.

10. 16 vertices, 32 edges, 24 faces, 8 cubes 11. Both are cases of trying to understand a dimension one
degree higher than the one in which you exist.
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Name Date

NUMB3RS Activity: Tesseract

In “Rampage,” Charlie is struggling to understand an aspect of the case that he is trying
to solve, and he and Amita end up discussing the idea of dimensions and refer to a
tesseract, a four dimensional cube. Amita helps Charlie look at things from a different
point of view or perspective. Seeing the tesseract model reminds Charlie that he needs
to look at the big picture and not be so narrowly focused. This activity explores the idea
of dimension and introduces the tesseract.

A point is a 0-dimensional object having no length, width, or height. To create a
1-dimensional object, project the point one unit in any direction and connect the point
and its image with a segment. This line segment is a 1-dimensional object, having
length, for example, 1 unit. In graph theory, points are called vertices and segments are
called edges.

o o—o

1. How many vertices does a point have? A segment?
2. How many edges does a point have? A segment?

To create a 2-dimensional object, slide the unit segment in a direction along a
perpendicular to the segment and with the length one unit. Connect corresponding
vertices with edges. The resulting 2-dimensional object is a square, having both length
and width of 1 unit.

SIS

3. How many vertices and edges does a square have?

4. To create a 3-dimensional object, slide the square 1 unit along a perpendicular to
the plane of the square. Connect corresponding vertices with edges forming a cube,
which has length, width, and height of 1 unit. The resulting squares formed as a part of
the cube are faces of the cube. How many vertices, edges, and faces does a cube
have?
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5. Fill in the chart below with the values determined so far (some values will be 0).
Make a note of any patterns you see.

Dimension # of # of # of # of
(Shape) Vertices | Edges Faces Cubes

0-dimensional
(Point)

1-dimensional

(Segment)

2-dimensional

(Square)

3-dimensional
(Cube)

A tesseract is built by projecting a cube 1 unit into a fourth dimension. Two different
illustrations of this projection are shown below. When the vertices of the cube and its
projection are connected with edges (the arrows in the drawings), a tesseract is formed.
Visualizing this object presents quite a challenge, since we do not have a fourth
dimension to use in making the drawing.

http://tetraspace.alkaline.org/introduction.htm http://www.math.union.edu/~dpvc/math/4D/basics/cube-move.html

6. Remember that a point was projected to create a segment with 2 vertices. Those
2 vertices and the segment they determined were projected to create a square with
4 vertices. Follow this pattern to determine the number of vertices in a tesseract.

7. A square has four edges. The original segment and its image are two of the four.
The other two edges were created when the corresponding vertices were connected
(giving the new dimension).

a. Use the same logic to explain the cube’s 12 edges.
b. Determine how many edges a tesseract has.
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8. A cube has 6 faces, one from the original square, one from the image, and 4 created
when the vertices of the segments of the original square are connected to their
corresponding parts in the image (giving the new dimension). How many faces does a
tesseract have?

9. How many cubes does a tesseract have? Your answer should be verified by the
sketch below of a tesseract (the sketch is actually a “net of a tesseract “unfolded into
3 dimensions, the same way a box can be unfolded into 2 dimensions).

Cube net unfolds into 2 dimensions Tesseract net unfolds into 3 dimensions

~ (]

N
10.In summary, a tesseract is a four-dimensional object with vertices,
edges, faces and cubes. Visit some of the websites suggested by

your teacher to learn more about what a tesseract looks like and how to build a model.

11.In the book Flatland: A Romance of Many Dimensions (New York: Dover
Publications, 1952), Edwin A. Abbott tells the tale of a group of people who exists in two
dimensions and are visited by a sphere. How does their struggle to understand the
sphere relate to our struggle to understand the tesseract?
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The goal of this activity is to give your students a short and simple snapshot into a very extensive math

topic. Tl and NCTM encourage you and your students to learn more about this topic using the extensions

provided below and through your own independent research.

Extensions

The table developed in this activity is shown below. Develop recursive and explicit formulas that
relate the values.

Shape # of # of # of # of
Vertices | Edges | Faces | Cubes
Point 1 0 0 0
Segment 2 1 0 0
Square 4 4 1 0
Cube 8 12 6 1
Tesseract 16 32 24 8

Other Resources

This Web site provides a summary of this activity.
http://www.math.union.edu/~dpvc/math/4D/basics/connections.html

This Web site has an easily understood paper on viewing four-dimensional objects in three
dimensions.
http://www.geom.uiuc.edu/docs/forum/polytope

This paper by Alan B Scrivener is about visualizing a tesseract which refers to Flatland and
using analogies to lower dimensions
http://www.well.com/~abs/SIGGRAPH96/4Dtess.html

This Web site has a variety of activities on dimension by Thomas F. Banchoff, a professor at
Brown University.
http://lwww.geom.uiuc.edu/~banchoff/projects.htmi

A presentation about the fourth dimension by Thomas F. Banchoff.
http://www.faculty.fairfield.edu/jmac/cl/tb4d.htm

This Web site contains an applet to rotate and view a tesseract
http://www.maa.org/editorial/knot/tesseract.htmi

The two Web sites below contain nice visuals of tesseracts.
http://www.howtoadapt.com/ncubes/ncubes/sld009.htm
http://dogfeathers.coml/java/hyprcube.html

This Web site describes a group of students who built a model of a tesseract
http://howtoadapt.com/ncubes/MakingTesseracts/MakingTesseracts.shtml

In the book A Wrinkle in Time by Madeline L’Engle, tesseracts are used to allow characters
to move through time.

education.ti.com/go/NUMB3RS © 2006 Texas Instruments Incorporated
Kathy Erickson, Monument Mountain Regional High School, Great Barrington, MA



	Introduction
	NUMB3RS Activity: Tesseract
	Extensions
	Other Resources



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


