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Energy of Free Oscillations - ID: 12192 _ _
Time required
By Irina Lyublinskaya 45 minutes

Topic: Circular and Simple Harmonic Motion
e Use the equation ke = (1/2)mV* to solve problems involving mass, velocity, and kinetic
energy.
e Use the equation pe = (1/2)kx’ to solve problems involving spring—-mass systems and
elastic potential energy.
e Calculate the amount of mechanical energy contained in a system.
e Solve problems using the law of conservation of mechanical energy.
Activity Overview
In this activity, students explore energy transformation and energy conservation in simulated
spring—mass oscillations. Students derive equations for the elastic potential energy of the spring
and the kinetic energy of the oscillating mass and observe changes in both values caused by
variations in the position and velocity of the mass. Students then apply these concepts to
problem solving.

Materials
To complete this activity, each student or student group will require the following:

e TI-Nspire™ technology
e pen or pencil
e blank sheet of paper

TI-Nspire Applications
Graphs & Geometry, Lists & Spreadsheet, Data & Statistics, Notes, Calculator

Teacher Preparation

Before carrying out this activity, you should review with students the concepts of free
oscillations, period of oscillations for a spring—mass system, the equation of motion for an
oscillating mass, and the equations for elastic potential energy and kinetic energy.

o The screenshots on pages 2—8 demonstrate expected student results. Refer to the
screenshots on pages 9—-10 for a preview of the student TI-Nspire document (.tns file).

e To download the .tns file, go to education.ti.com/exchange and enter “12192" in
the search box.

Classroom Management
e This activity is designed to be teacher-led with students following along on their
handhelds. You may use the following pages to present the material to the class and
encourage discussion. Note that the majority of the ideas and concepts are presented
only in this document, so you should make sure to cover all the material necessary for
students to comprehend the concepts.

e The ideas contained in the following pages are intended to provide a framework as to
how the activity will progress. Suggestions are also provided to help ensure that the
objectives for this activity are met.

o Students may answer the questions posed in the .tns file using the Notes application or
on blank paper.

e |n some cases, these instructions are specific to those students using TI-Nspire
handheld devices, but the activity can easily be done using TI-Nspire computer software.
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The following questions will guide student exploration during this activity:

o What is the relationship between the kinetic energy of an oscillating mass and the
potential energy of an elastic spring during free oscillations?

¢ What happens to the total mechanical energy of the system in the absence of any
forms of resistance?

The purpose of this activity is to allow students to observe simulated spring—mass oscillations
and collect data for the position and velocity of the oscillating mass. Based on these data,
students will derive equations for the elastic potential energy of the spring and the kinetic
energy of the oscillating mass and derive the law of conservation of mechanical energy.

This activity consists of three problems. In the first problem, students collect position and
velocity data from a simulation and graph the position and velocity of the oscillating mass. In
the second problem, students derive equations for potential and kinetic energy, graph both
eqguations and the total mechanical energy of the system, and confirm the law of conservation
of mechanical energy. In the third problem, students apply the law of conservation of
mechanical energy to problem solving. They use simulations to check their work.

Problem 1 — Exploring the position and velocity of an oscillating mass

Step 1: Students should open the file mbmo AUTO REAL N

¥ t=4.5

=0.% £ @
b

PhyAct 12192 Energy_of Oscillations.tns, read
the first two pages, and then move to page 1.3, which
shows a mass attached to a spring suspended
vertically. In this simulation, t represents the time in
seconds and the clock measures up to 60 sec. The
variable y represents the displacement of the mass y=2.94
from equilibrium, in meters. Students will use the
animation to observe the changes in the position of
the oscillating mass as time changes.

il
._M\r\\l_l

Step 2: Students should start the animation and PRAD AUTO REAL N
allow it to run for 60 sec. The data for the position . b0 e B~
and time will be automatically captured in the Lists & =capture('t,1]=captura(y,1
Spreadsheet application on page 1.4. 059314l 380538

119314 -3.30907

179314  -2.49717

230314 146221

299314 -0.206833 d

A7 |=0.5931400205157

©2009 Texas Instruments Incorporated Page 2



TI-72Spire %3 Tlphysics.com Physics
Step 3: Next, students should use the Data & q 15 PRAD AUTO REAL N
Statistics application on page 1.5 to make a graph of ] 2 & & & &
position vs. time for the mass. They should use time 31 | ee @0 g O, ;’O
. . . . i o]

as the x-axis variable and pos as the y-axis variable. {: Z ; ° ;’ ° % .

. . ", . W o Lo @
The scatter plot will display position as a function of c 0 o v o v 5 O
time. °o 8 ® g @ 4@ 4 ©

= | [+] oo o9 o @ ® =
1§ %3 % % %
0 10 20 30 40 S0 60
tirme

Step 4: Next, students should analyze the scatter < 15 PRAD AUTO REAL N

plot and derive the equation for position as a function
of time. Students can derive the equation in one of
two ways. They can use the equation that describes
the position of an oscillating mass and the information
about the physical properties of the system (spring
constant, mass, and initial displacement) to derive the
equation. Or, they can use the properties of the data
(amplitude, frequency, intersection points) to derive
the equation mathematically. Either way, they should
plot the function they derive on the graph (Menu >
Analyze > Plot Function) and modify it if necessary
until it fits the data. Then, they should answer
question 1.

Q1. What is the equation describing the relationship
between position and time?

A. The equation should be pos = —4-cos(0.5-time).
Encourage students to discuss how they
derived the equation from the properties of the
system or the properties of the graph.

Step 5: Next, students should use the Calculator
application on page 1.7 to determine the equation for
velocity from the position equation. They should use
the derivative template to determine the equation for
velocity. (The derivative template can be accessed by
pressing (e ){.) They should set this equation
equal to f2(x). (The position equation should have
been automatically assigned to function f1(x).)
Students can press (1)) to move between
applications. If students do not have TI-Nspire CAS
technology, they can enter the derivative equation
directly.

g f1|:x) = -4-cos(095-x)
3'_\ ﬂ 3
2 0.

-3
T T T T T T T
0 10 20 320 40 300 &0
time

Ising your eguation for position, determine
the equation for velocity as a function of time.
Sraph this function and the position function
on the next page.

#2x]
#2x]
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Step 6: Next, students should move to page 1.8, <ﬁmimo AUTO REAL
which contains two Graphs & Geometry applications.
They should graph position as a function of time, /\ /\ /\ /\

time, f2(x), on the bottom graph. To make the graphs
easier to examine, students can hide the function
entry lines by pressing (1 )(@). (If you wish, you may
have students plot the derivative equation directly— = \V
i.e., plot the equation f3(x) = 2-sin(0.5-x)—instead of 1202 -4 cosl0 B
plotting f2.) Once students have graphed the two A dx

equations, they should answer questions 2 and 3.

f1(x), on the top graph and velocity as a function of it L_ Ll \/ v \/
¥

Q2. What can you say about the velocity of the
oscillating mass when it passes through the
equilibrium position?

A. The magnitude of velocity is maximum.

Q3. What can you say about the position of the
oscillating mass when its velocity is zero?

A. The mass is displaced furthest from the
equilibrium position.

Problem 2 — Exploring conservation of mechanical energy

Step 1: Next, students should read page 2.1 and :ﬁﬁrm AUTO REAL N
then move to page 2.2, which contains a simulation Y @5 ©

I
'l

similar to that on page 1.3. In this simulation, both the | y=0.9
position (y) and the velocity (v) of the mass are ¥=1.85
shown. Students should run the animation for 60 sec.
The data are collected automatically in the Lists & ' W
Spreadsheet application on page 2.3. Note: As the
TI-Nspire collects more data, it may run more slowly.
To increase the speed, you may have students delete
the data from problem 1 on page 1.4 before carrying
out the animation on page 2.2.)

S

3 |PRAD AUTO REAL A
pos .pe vel .ke l =
=capturi=capty="k*pd=capturl="m*ve
S93. [382.(365..(0.584. [0.341..
1193, |-3.30. 273 1123, [1.262..
1.793.. 249 1.55.. 1562, [2.441...
2393, 146,053, 1867, [3.465..
2593, [0.29.]0.02..1.994.. | 3978

Step 2: Next, students should move to page 2.3 to
study the collected data. Page 2.3 also contains
formulas calculating the elastic potential energy of the
spring (pe) and the kinetic energy of the mass (ke) as
functions of time. These values are calculated using

. 1 1
the equations pe = Eky2 and ke = Emv2 .

i

=0.5931400205157
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Step 3. Next, students should move to page 2.4, {2 2.4 |PRAD AUTO REAL

which contains two Data & Statistics applications.
Students should graph the kinetic energy of the
oscillating mass (ke) vs. time on the top graph. They
should graph the elastic potential energy of the spring
(pe) vs. time on the bottom graph. To make the
trends in the data easier to see, students can connect
the data points in each graph (Menu > Plot
Properties > Connect Data Points). (Note: If
students run the simulation for more than 60 sec,
their plots will have diagonal lines connecting the first
and last data points. If this occurs, students can
either delete the data and rerun the simulation or
simply ignore the diagonal lines on the screen.) Once
they have made the two graphs, students should
answer questions 4 and 5.

Q4. What statement can you make about the
relationship between the kinetic energy of the
mass and the potential energy of the spring?
How does this relate to energy transformation?

A. The kinetic energy of the mass is transformed
into the potential energy of the spring. When
kinetic energy reaches its maximum value,
potential energy is zero; when potential energy
reaches its maximum value, kinetic energy is
zero.

Q5. What prediction can you make about the total
mechanical energy of the system?

A. Students' answers will vary. If students
interpret the graphs correctly, they should
predict that the total mechanical energy, which
is the sum of the kinetic energy of the
oscillating mass and the elastic potential
energy of the spring, is constant in the absence
of air resistance and friction.
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Step 4: To test whether the relationships identified 4 26 |PRAD AUTO REAL N
in questions 4 and 5 are correct, students should T, pe e enerqy I® &
move to page 2.6. This page contains a Lists & =ke+pe
Spreadsheet applicatipn in which the total mechanical 0.59314] 35503803416, a0
energy of the system is calculated at each moment of 119314 2.73749] 126251 n
time. Students should examine the data. 1730l 155287 | 20103 i
2.39314| 0.534515| 3.45549 4,
2.99314| 0.021998|  3.978 4 4
D |energy
Step 5: Next, students should move to page 2.7, :ﬁﬁw\n AUTO REAL N
which shows a scatter plot of total energy as a neTEy
function of time. Students should study the graph and
then answer questions 6 and 7.
Q6. Do the data on the previous two pages support 3
the prediction you made in question 57? If not,
identify any errors in your reasoning. 93 Time
5
A. Students' answers will vary.

Q7. Use the equations for position, velocity, kinetic energy, and elastic potential energy to
prove that the total mechanical energy of the system is constant over time.

A. The position of the mass as a function of time is given by y(t) = y,cos(wt). The equation

/ k
for velocity as a function of time is v(t) = —,|—y sin(wt) (because
m

/ k
v(t) = —wypsin(wt), and w = ,|— ). Kinetic energy is given by the equation ke = %mvz,
m

1
and potential energy is given by pe = Eky2 . Combining these equations yields the

equation for total mechanical energy of the system:

2
E= %k[ Y ,cos(wt)]? +%m[\/z yosin(wt)J . This equation can be simplified as follows:
m

= %kyj [cos? (wt) + sin® (wt)] = %kyj . Therefore, the total mechanical energy of the

system is independent of time. If you wish, you may have students solve this equation
to verify that the total mechanical energy of the system in the simulation is 4 J:

E=%ky§ =%(0.5 N/m)16 m? =4 J .
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Step 1: Next, students should read page 3.1, and then move to page 3.2 to solve the first
problem.

Q8. A 0.321 kg mass is attached to a spring with a spring constant of 12.3 N/m. The mass is
displaced 0.256 m from equilibrium and released. What is the total mechanical energy
of the spring? What is the potential energy when the spring is 0.128 m from equilibrium?
What is the kinetic energy at this point? What is the speed of the mass at this point?

1
A. The total mechanical energy of the system is given by E = Ekyj . Therefore, the total
1 1
mechanical energy of the system is E = Ekyj = E( 12.3 N/m)(0.256 m)’ =0.403 J .
Potential energy at any point is given by pe = %kyz . Therefore, the potential energy at

0.128 mis pe = %kyz = %(12.3 N/m)(0.128 m)* =0.101 J . Kinetic energy can be
calculated by difference: ke = E — pe = 0.403 J— 0.101 J = 0.302 J. Kinetic energy is

1
given by ke = Emvz. Therefore, velocity can be calculated using

) \/2/«9 _ [(2)(0.302 J)
m 0.321 kg

=1.37 m/s . Alternatively, students can use the equation for

total energy, E = %kyj = %ky2 +%mv2, and solve directly for velocity: Thus, velocity is

k
given by v =,|—(y, —y’) . Substituting the given values yields
m

12.
\/—3 (0.256° —0.128% ) =1.37 m/s . Students can use the simulation on page 3.4

to check their answers. Note that the precision of the animation may not allow students
to produce the exact displacement stated in the problem. Therefore, they should use
the animation as an approximate check only.
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Q9. A 500 g block on a spring is pulled 20 cm and then released. The subsequent
oscillations are measured to have a period (T) of 0.80 sec. At what position (or

2
positions) is the speed of the block 1.0 m/s? (Hint: Remember that w = ?ﬂ and k =
mw?.)

2
A, w= ?ﬁ =7.85 rad/s . From earlier, the equation for the total mechanical energy of the

system is given by E = %kyj = %ky2 +%mv2, where

2
k = mw?. Thus, y = +, / yj —V—2 . Substituting the given values yields
w

2
y== /0.22 - 71.805 ~=10.154 m. Again, students can use the simulation on page 3.4 to

check their answers. Alternatively, students can again solve the problem in steps. They
would first calculate k, then calculate the total energy of the system, then calculate
kinetic energy, then calculate potential energy, and finally calculate the position of the
mass at the given speed.
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Energy of Free Oscillations - ID: 12192
(Student)TI-Nspire File: PhyAct_12192_Energy of Oscillations.tns

PRAD AUTO REAL A&

PRAD AUTO REAL  an bl

| A point mass M = 2 kg is suspended on an i =06
ENERGY OF FREE OSCILLATIONS elastic, massless spring with spring constant ; I @
k = 0.5 Nim. The mass is pulled downward f=0.5 —
and released, causing the spring to oscillate, m .
Physics as shown in the simulation on the next page. X
Simple Harmonic Motion The time is given in seconds.
PRAD AUTO REAL PRAD AUTO REAL PRAD AUTO REAL A&

tirme pos Caption: pos 1. What is the equation describing the
=capture('t,1}=capture(y,1 o 0382538 relationship between position and time?
059314] 3.82538 5
=
=
[2]
g L3
-
=
O

Al | =0.5931400205157 Click to add wariable

Ising wour equation for position, determine
the equation for velocity as a function of time.
Sraph this function and the position function
on the next page.

PRAD AUTO REAL PRAD AUTO REAL Al

sl By

2. What can you say about the velocity of the
x||| oscillating mass when it passes through the
equilibrium position?

il 3.What can wyou say about the position of the
oscillating mass when its velocity is zero?

™
ﬁ
™
3]

| 049

SIS 2.1 PRAD AUTO REAL A ; 3 PRAD AUTO REAL

Maw, ol will explore the relationship
between the elastic potential energy of the
spring and the kinetic energy of the oscillating
mass. For the system you investigated in
Problem 1, araph the elastic potential energy
of the spring and the kinetic energy of the
oscillating mass as functions of time.

siB|

=capty =captun="m*ve|

593, 382,385, 0.584.,, |0.341...

A7 |=0.5031400205157 [
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In this part of the activity, vou will apply what
you learned to solve some problems. Solve
the problems on pages 3.2 and 3.3, Then
check your work using the simulation on
page 3.4, where you can change the
amplitude of oscillations {0, the spring
constant (&), and the mass of the oscillating
ohject im).

1 2.4 [PRAD AUTO REAL A 4 PRAD AUTO REAL Al 4 PRAD ALTO REAL @|
= - =
© Caption: ke 4. What statement can you make about the ke energy
= i i ineti =ke+pe
G k00-341521 relationship betweenlthe kinetic energy O.f th?e p
% anassdand t:zle potlentlal energy of the spring? n59z14l 265838 0341621
a] Click to add wariahle ow does tl IS relate to energy
= transformation?
= Caption: ke o
z 5. What prediction can you make about the
E total mechanical energy of the system?
% O0.241621
a] Click to add wariable Al |=0.593140020515? ||
:ﬁ?\’mo AUTO REAL PRAD AUTO REAL Al 4 PRAD AUTO REAL A
3. Do the data on the previous two pages 7. Use the equations for position, velocity,
) support the prediction you made in question kinetic energy, and elastic potential energy to
L3 57 If not, identify any errors inyour prove that the total mechanical energy of the
reasoning. system is constant over time.
0.5 Fime
5

ZFZ8]E8] =.1 PRAD AUTO REAL PRAD AUTO REAL Al 4 PRAD AUTO REAL A

3. A 0321 kg mass is attached to a spring
with a spring constant of 12.2 MNim. The mass
iz displaced 0.256 m from equilibrium and
released. What is the total mechanical energy
of the spring? What is the potential energy
when the spring is 0.128 m from equilibrium?
What is the kinetic energy at this point? What
iz the speed of the mass at this point?

A 500 g block on & spring is pulled 20 cm
and then released. The subsequent
oscillations are measured to have a period
(T of 080 sec. Atwhat position (or positions)
iz the speed of the block 1.0 mis? (Hint:

Femember that w=2Tn and k = mwz.)

v =0
y=-0.214
v=0.53
47
L
2 x

y0=0.4
k=1.5
m=0.6

©2009 Texas Instruments Incorporated

Page 10



