FROM NUMBERSTO SYMBOLSTO GRAPHS
WITH A T1-92 PLUS

Armando M. Martinez-Cruz José N. Contreras
Cdifornia State Univergty, Fullerton The Univeraty of Southern Mississppi
amartinez-cruz@fullerton.edu Jose.Contreras@usm.edu
Presented at
2001 T~3

Teachers Teaching with Technology
I nter national Conference

Columbus, Ohio
March 18, 2001

INTRODUCTION

A central god of current reform in mathemeatics education is for students to become
mathematical problem solvers (e.g., NCTM, 1989, 2000). In thistask, teachers play an essentia
role. Teachers are expected to model and emphasize "aspects of problem solving, including
formulating and posing problems, solving problems using different Srategies, verifying and
interpreting results, and generdizing solutions,” (NCTM, 1991, p. 95). How can teachers
achieve these goas? Technology can, in particular, support to achieve this god.

Technology has been identified as a particular festure of high-qudity education in current reform
mathematics education documents. For instance, The NCTM’s Principles and Sandards for
School Mathematics (NCTM, 2001) describes technology as “essentiad in teaching and learning
mathematics, [for] it influences the mathematics thet is taught and enhances students' learning”

(p. 11). Inthe same vein, the document states that

electronic technologies...are essentid tools for teaching, learning, and doing
mathematics. They furnish visud images of mathematicd idess, they facilitate
organizing and analyzing data, and they compute efficiently and accurately. They
can support investigation by sudents in every area of mathematics, including
geometry, satigtics, algebra, measurement, and number. When technologica tools
are available, sudents can focus on decision making, reflection, reasoning, and
problem solving (p. 24).

Three critica issuesin the technology principle in Principles and Standards for School
Mathematics (NCTM, 2001): Technology enhances mathematics learning, supports effective
meathemétics teaching, and influences what mathematicsis taught.



Technology enhances mathemétics learning

“Technology can help students learn mathematics. For instance, with calculators and computers
students can examine more examples or representationa forms than are feasible by hand, so they
can make and explore conjectures easlly” (NCTM, 20001, p. 24).

Technology supports effective mathematics teaching

“Teachers should use technology to enhance their students' learning opportunities by selecting or
cregting mathematica tasks that take advantage of what technology can do efficiently and well—
graphing, visudizing, and computing” (NCTM, 2001, p. 25-26).

Technology influences what mathemdtics is taught

“Technology not only influences how mathematics is taught and learned but aso affects whet is
taught and when atopic gppearsin the curriculum. ... The study of agebra need not be limited to
ample stuations in which symbolic manipulation is rdaively sraightforward. Using

technologica tools, students can reason about more-genera issues, such as parameter changes,
and they can model and solve complex problems that were heretofore inaccessible to them.
Technology dso blurs some of the artificia separations among topics in agebra, geometry, and
dataandysis by dlowing students to use ideas from one area of mathematics to better understand
another area of mathematics’ (NCTM, 2001, p. 26-27).

Problem posing

Problem formulation or problem posing isincreasingly recelving attention from both a curricular
and pedagogica perspective (NCTM, 2000). For instance, “ students should have frequent
opportunities to formulate, grapple with, and solve complex problems that require a significant
amount of effort and should then be encouraged to reflect on their thinking,” (NCTM, 2000, p.
52).

“Problem poang” gppliesin generd to three distinct forms of mathematica cognitive activity
(Silver, 1994):

(@  apresolution posing, in which one generates origind problems from a presented
gimulus Stuation;

(b)  within-solution posing, in which one reformulates a problem asiit is being solved; and

(© postsolution posing, in which one modifies the goas or conditions of an dready
solved problem to generate new problems,

This presentation illustrates our efforts to combine problem solving, problem posing and
technology use. We investigate a problem, from which we took the goa again to make it into an
open problem, with the TI-92 plus. The investigation includes numericd, graphic and symbolic
approaches. Then we propose two related problems, oneis a particul arization and the other one
isagenerdization of the origind problem. We have investigated this problem with prospective
and insarvice secondary mathemeatics teachers, and with high school students at different levels.
One student called the problem, the *“ never-ending problem” due to the many aspects that
emerged in the invedtigations.



The problem that we investigate is the following:
What can be said about the product of four consecutive integers?

However thisis not the way the problem is stated in the origina source (Shklarsky, Chentzov, &
Yaglom, 1993). We smply took away the god away. A full discussion of this approach appears
somewhere ese (MartinezCruz, & Contreras, submitted).

Students can observe that the product is divisble by 2, 3 and 4, and sometimesby 5. With a
little help, some may recognize and prove thet the product isdivisble by 6 and by 1. Figure 1
shows the quotient formed by the product of four consecutive integers and 6, 8, 12 and 24,
respectively. Notice that we can aso use negative numbers. Here we had to encourage students
to do o, for none of them thought of it. To prove that the product isdivisble by 6, 12 and 24 we
use the following result.

Divigbility by Product Theorem (DPT). If alp and b|p and GCF(a, b) = 1 with a, b and p
positive integersthen ablp. (The result iseasly generdized to a, b, and p negative integers.)
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Some of our students said that the product is divisible by 24 and by 48 and that the numbers
ended in 0 or in4. Actudly they discovered that the numbersthat ended in 4, dso ended in 04.
Furthermore, one was adventurous to claim that those numbers ended in 024. Table 1 shows
some ingtances.

Product of four consecutive integers, none amultiple of five. Firs integer
-11*-12*-13*-14 = 24024 -11
1¥2*3*4 = 24 1
6* 7*8*9 = 3024 6
11*12*13* 14 = 24,024 11
16*17*18*19 = 93,024 16
21* 22* 23* 24 = 255,024 21

Tablel

We will prove that the product minus 24 isamultiple of 1000. This proof involvesfirg redlizing
that the smalest number of the four consecutive integers (none of which isamultiple of 5) has

the form 5n + 1 (with n an integer, see second column of table 2), and then substituting thisform
into the product minus 24 (figure 2). Findly, write every integer n either as4k, 4k + 1, 4k + 2 or



4k + 3 (figure 14), subgtitute it into the product and factor it. Subgtitution and factoring (algebra
menu) are combined in the T1-92 in Figure 3. This proves the result.
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Notice that that al the products (with no multiple of five) minus 24 are multiples of 3000. Itis
easy to verify that the product of four consecutive integers minus 24 isdso divisble by 3 (If a
and b aredivisbleby p thena + bisdivisbleby p.) Since we just proved that the product of
four consecutive integers minus 24 is divisible by 1000, we can apply DPT (since GCF(3,1000)

=1). Thisconcludes the proof.

What if we added 1 to the product???

Seefigure 4 for some examples. Some students recognize them as perfect square. Figure4 also
shows the result with “large numbers’ and the agebraic proof of the result.
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A different approach usng multiplication

Hereisadifferent gpproach. Infigure 5 we use the calculator to factor the products plus one. In
this case, we asked the students to predict the number that we have to square in order to get the
product plus one, by using only the four numbers given.
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Hence we have used the caculator to discover numerica patterns and provide the
solution. Factoring isagood tool but if you do not have a symbolic manipulator it may
be hard to use. Pattern recognition is a useful technique that did not require factoring.

Now we use a graphing approach.

A conjecture from graphing and why do we haveto add 1?7??

Figure 7 shows the graph of the
function

fF(X)=x*(x+D*(x+ 2)*(x+3).
This graph suggests that if we shift the
graph up “alittle bit” we might have a
positive function with two double roots.
But how much do we have to shift it
up? Of course by the minimum value!!

In figure 8 we defined afunction thet is
the product of four consecutive integers.
Thefigure dso shows the derivative of
this function and its roots, which we
obtained by solving the equation “the
derivative function equalsto zero.” The
last step isto evauate the function at
the criticd vauesto find the maxima or
minima. Inthiscase -1isaminimum
vaue. Hence we have to shift the graph
one unit up.

Extensions of the problem
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First, what happens if we had less or more consecutive integers??? One of our Sudents
proposed to explore the case when we had three consecutive integers. He adso
discovered the following result: Add the middle number to the product and you get a

perfect cube. Figure 9 shows some instances.
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Figure 10 showsthegraph of f (x) = x* (x +1)* (x + 2) + (x + 1) . The graph suggests
that we have a cubic trandated to the left. The last row in figure 9 confirmsthis
conjecture.

Our second generdization of this problem involves the product of four integerswith
common difference 2, for instance { 10, 12, 14, 16}. What can be said about the product
of these numbers?? Here instead of looking a the numbers, we look at the graph of

f(xX)=x*(x+2)*(x+ 4)*(x+6) (figure 11) and proceed as we did before. First, we
notice that we need to shift the graph up to make it postive. This shift is given by the
minimum vaue, which we find using the Math menu.
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So our conjectureis that the product of four consecutive integers with common
difference 2, plus 16 is a perfect square. Figure 12 shows some instances and the
agebraic proof of this result.

A final generalization
Take four consecutive integers with common difference k. Can we add avaue to their
product so that it resultsin a perfect square???? The answer is“yes.”
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