Astroid

Teachers Teaching with Technology™

Professional Development from Texas Instrurr

Student Activity EL @ 000 O
N €6

12 TI-Nspire™ Investigation Student 30 min

Introduction

How is the motion of a ladder sliding down a wall related to the motion of the valve on a bicycle wheel or to a popular
amusement park ride? A little mathematical history, some parametric equations and calculus hold the key. Galileo first
studied the cycloid in 1599. A cycloid describes the motion of the valve on a bicycle wheel. (Astroid TNS File: Page 1.2)
Roemer (1674) put the cycloid into a ‘spin’ and developed the Astroid, not to be not to be confused with the celestial
asteroid or Orbiter amusement park ride. The Astroid is a hypocycloid'.

Cycloid
Open the TI-Nspire file: “Astroid”. Navigate to page 1.2 of the file. Drag EREEIEEY svoid <
point A on the rim of the bicycle wheel and observe point P on the rim. ty

Drag point 'a' along the x axis.

To see the trace (locus) of this point click on the ‘show’ button. Describe the path traced by point P

The size of the bicycle (wheel radius) can also be changed. %
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Astroid
Navigate to page 1.3.
Drag point L around the circle and watch the motion of point P. . 1Y D’;i iz;’;i
To reveal the locus (path) of point P use the hide/show toggle. Show L circle
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Question: 1.

For each of the following questions: point L is moving counter-clockwise around the larger circle, the larger
circle has a radius m measuring 8 units, the smaller circle has a radius of 2 units.

a. Write down the parametric equations for the motion of the centre of the smaller circle.
b. How many times does the smaller circle rotate as it travels around the inside of the larger circle?

c. Consider the small circle as simply rotating on its own axis, located at the centre of the diagram;
determine the parametric equations for the motion of point P.
Make sure the equations account for the direction and number of rotations.

1 Hypo — means beneath, in this mathematical context it refers to a subset. So hypocycloid is a smaller set of the family of cycloids.
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Differential & Integral Calculus

d. Combine your answers to part A and C and see if they follow the movement of Point P as it travels to
form the Astroid.

Question: 2.
The parametric equations established in the previous question can be simplified.

a. Show that cos(3t) = 4 cos®(t) —3cos(t) and hence show that the parametric equation X(t) for
the Astroid can be written as: X(t) =8cos®(t)

b. Show that sin(3t) = 3sin(t) —4sin®(t) and hence show that the parametric equation for
y(t) =8sin’(t)

Question: 3.
Use the parametric equations for the Astroid to show that an equivalent Cartesian equation can be expressed

as: X° + y% =a’ and that for this specific case: a =8.

Question: 4.
Use implicit differentiation techniques to determine the gradient of the Astroid at any point.

Question: 5.
Use the parametric equations for the Astroid to determine the gradient in terms of .

Question: 6.
Show that the two expressions for the derivative (Cartesian and Parametric) are equivalent.

Question: 7.
Determine the equation to the tangent for: t = % , the corresponding x and y intercepts, the length of the

tangent joining the intercepts and the angle the tangent makes with the positive x axis.

Question: 8.
Determine the equation to the tangent for: t = % , the corresponding x and y intercepts, the length of the

tangent joining the intercepts and the angle the tangent makes with the positive x axis.

Question: 9.
Determine the equation to the tangent for: t = % , the corresponding x and y intercepts, the length of the

tangent joining the intercepts and the angle the tangent makes with the positive x axis.

Question: 10.
Comment on the angle the tangent makes with the x axis and your answer to question 5.

Question: 11.
Comment on the distance between the axes intercepts for each tangent equation.

Question: 12.
Use integral calculus to determine the distance that point P moves as it travels along the length of the Astroid.

© Texas Instruments 2017. You may copy, communicate and modify this material for non-commercial educational purposes provided Author: P. Fox

all acknowledgements associated with this material are maintained.

I TEXAS
INSTRUMENTS



Differential & Integral Calculus

Falling Ladder
Navigate to page 2.1. - 122 D

An 8m ladder slides down the wall.

Drag point P around the ground and watch the motion of the ladder.
From the menu select:

Geometry > Construction > Locus
Select the ladder followed by point P.

Drag point P to follow the path.

Navigate to page 2.2

m 2.2 LGEGIE R
Drag point P along the x axis. Use the toggle to show a trace of the Show |
ladder’s position both above and below the x axis.

Move Point P

Exploration
Explore the motion of the ladder. Show that the envelope traced out by the movement of the ladder forms an Astroid?
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