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Introduction

The purpose of this activity is to gain a conceptual understanding of slope fields
and differential equations. The TI-Nspire file: “Slope Fields and DE’s” includes
interactive content required to answer the questions on this worksheet.

e Use the QR code or link to watch the concept video.
e Skim through this document before commencing the activity. Look at

the pictures and read the annotations, this will ‘prime’ your brain in
readiness for the content. http://bit.ly/SlopeFields
e Load the TI-Nspire file onto your calculator, the interactive content will
help build understanding.
e Initial questions are designed to reinforce the visual representations on the calculator, the
process of drawing them will help you remember.
e Subsequent questions will check your understanding. Some questions may seem repetitive;
however they are designed to ensure you have understood each aspect of what is happening.

Problem 1

A function has the property that the gradient at any point (xc,yc) is equal to half the

y coordinate at that point.

Question: 1.
Complete the table below for the selected X and y coordinates.

Coordinates: (2, 1) (1, 2) (-2, 2) (-2, -2) (2,-2) (1,0) (0, 1)
Gradient: 0.5 1 1 -1 -1 0 0.5
Question: 2.

Navigate to the graph application on page 1.3,
drag point P around the screen. Use the screen

image below to represent and reproduce the / }/////
slopge vk:acltor :s it ifmovet:l ar(iunz thde scrin. // // ////
AEEiAR S
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R
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Question: 3.
If point P is dragged parallel to the x axis, does the slope vector change? Explain your answer with
regards to the visual representation and the problem description.
Slope vector doesn’t change because the slope is dependent on y only, “gradient equal to half the
y coordinate...”, horizontal translation does not change y therefore slope vector does not change.

Isocline is derived from Greek words for “equal slope” (isos + klinein). For a first order
differential equation, isoclines are points with the same numerical derivative. Re-read the
original problem statement, move point P, observe the slope vector and the y coordinate.

It is possible to ‘retain’ an image of the slope vectors using the , *Slope Fiel.DEs < R0l
TRACE feature. Chordinates of P 6631V
(4,3) vector
From the Trace menu select Geometry Trace, move the mouse A
over the slope ‘vector’ then ‘click’. Clicking on the vector means 1y .
9.94 1 9.94

the vector will be reproduced (traced).

Move the mouse over Point P and grab it, (Ctrl + Click). Move it
around the screen by gently swiping your finger across the 663 1
touchpad. This will produce a semi-permanent record of the

1535

slope vector.

Navigate to page 1.4, use the menu to change the Graph Entry EEIERN sioreFielDEs> o {ED

type to Differential Equation (Diff Eq). "

» Uy A7 I
d o, 0, A H—
For this space the standard entry is of the form: d_y ory' ayid: - L =
X -
w T 1})

-6.67
» Each differential equation is assigned a number such as y,, y, ... The equation must therefore
@ include this numerical reference adjacent to each occurrence of the y variable in the
equation. (Shown above)
Question: 4.
d
On page 1.4 enter the differential equation: d_y =% . Entered on the calculator as: y1/2
X

a) Explain how the equation above relates to the problem statement.

o (dy)). Ly . dy
Gradient | — | is equal to half the y coordinate — at that point, therefore — ==
dx 2 dx 2
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b) Imagine a graph representing a solution to this differential equation. Is it possible for the
graph to cross the X axis, explain.

It is not possible for the function to cross the x axis.

d
As y—0", d_y — 0" (Graph is approaching X axis from ‘above’).
X

If y=0 then % =0 (Stationary point).
X

If the stationary point is a point of inflection the gradient of the function would need to be
dy

the same sign on either side of the point of inflection, howeveras y -0, d_ — 0" and
X

d
y—0", d_y — 07 therefore the stationary point could not be a point of inflection.
X

A slope field is a graphical representation of the solution family to a differential equation. A
family of vectors represent the slope of the graph at each point. The advantage of such a
diagram is that it may be drawn without finding a specific or analytic solution.

The calculator is capable of resolving this differential equation. Pit:Actons — » NN

; 252 Number -
Navigate to page 1.5, from the Calculus menu select \= 3: Algebra |6 Product
Differential Equation Solver. Enter the syntax shown below: ft/4s Caleulus |7 Function Minimum

@ 5: Probability8: Function Maximum
1 X 6: Statistics | Tangent Line
r_ = (88 7: Matrix & \fA: Normal Line
deSoIve(y 2 Y, X, yj $¢8: Finance B:Arc.Length
[§2] 9: Functions|C: Series 4
D:Differential Equation Solver .
E: Implicit Differentiation
F: Numerical Calculations »

The first derivative symbol (prime) can be obtained from the punctuation key:

—

$|° [
TV
Question: 5.
What is the ‘analytic’ solution (according to the deSolve command) for the differential equation:
dy_y
dx 2

X

deSolve(y'= % X, Y) y =ce?
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Question: 6.
Transposing the differential equation and integrating both sides produces:

Zj%dy:'[dx.

From this equation, determine an expression for y in terms of X and compare it with the one
produced by the calculator command: deSolve. (Question 4)

1
2| —dy=|dx
[Ray-|
2In(y) =x+c Only one integration constant required
y=e 2 Sincee 2 =e2-e? thene 2 =k-e2 where k=e?
y = ke?

Same as calculator answer.

The analytic solution to this differential equation is a function k 1: Actions
that can be graphed on the same axis as the slope field. B 2: View =d
- 3: Grap i /
#1-3: Graph Entry/Edit »

. ) TF 4: Window / Zoom M| 2: Equation |/
Navigate to page 1.4, change the Graph Entry mode to Function |7 5. Trace vl 3: Parametric |/
and enter the function determined in Question 5. Xt 6: Analyze Graph M| 4: Polar >

“7: Table P|E=S: Scatter Plot 54
5 8: Geometry | 2.6 Sequence »|
Note: i . N
. . . . 111 9: Settings... IE 7. Diff E\q —
Enter the equation without the integration constant. . RREARES AR
A SR L S W U A X \
The integration constant will be dealt with next. R S S R W . A R

A slider can be used to accommodate the unknown integration

‘constant’ and further illustrate the general solution produced Variable: [ =
by the slope field. Value: |1 \ __
. Minimum: | 5 ‘ Y
From the Action menu, select Slider then match the settings — | Maximum: |5 ) B
shown opposite. The ‘constant’ assigned to the slider can then T Step Size: | 0.25 | TH
be used accordingly in the equation. \ Styte: . O \
\ [ox] [cancel] |

The general solution to a differential equation is shown by the slope field. A specific solution
can be determined when a set of initial conditions are provided. The differential equation
graphing tool uses Euler’s method (default) to approximate the specific solution. The initial
conditions help determine the integration constant in the analytic solution.

© Texas Instruments 2015. You may copy, communicate and modify this material for non-commercial educational purposes provided Author: P. Fox
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Question: 7.
Suppose the initial conditions for the differential equation are: X, =0 and Yy, = 2. Determine

the integration constant and graph the corresponding analytic solution using the graph function.

X

ope Fiel.DEs <~

— ke2 B B YLy r .
y= ke (O’ 2) , C?or‘afrrzd;es of Pf,e'f’? \1:: ,
9 f/ ’/{ 0;‘/2 )f/’ i ” //' Jf —\:- .’f‘
2 — kez / / / / / / / / 2 /
X
y =2e?
U TR SR TR AT A
Y \ '\,"6 6,;5 \
The calculator has the option to include initial conditions for > *Slope Fiel.DEs—  Rao{]i|Ed

each equation in the differential equation entry.

Change the Graph Type back to Differential Equation, navigate
to Y1 then press [Tab] to navigate to the different settings for

the differential equation. Enter the initial conditions. (0, 2)

Note:
The specific solution for the initial conditions, by default,

is calculated using Euler’s method. The accuracy of these
calculations can be changed.

Question: 8.
How does the Euler approximation method ‘perform’ in relation to the graph determined by
analytic means?

b *

rao 471 3|

w

Euler approximation is very close to the analytic solution lope Fiel.DEs <

fl(x)= V¥
2%eMx2)

over the domain shown.

Press CTRL + T to view a table showing a numerical

comparison of the analytic and approximate solution.

Note that as x increases the approximation is less - N
accurate. = j_‘.__,‘
3.6438
{4 147781 140"
' f14 7781121970 [ 4 | » ]
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Problem 2

A function has the property that the gradient at any point (xc,yc) is equal to the negative

product of x_ and y..

Question: 9.
Write the differential equation for the problem statement.
d
_y = _Xy
dx
Question: 10.

Study the differential equation and explain why all the slope vectors will have a negative gradient
in the first quadrant.

d :
In the first quadrant X >0 and Yy >0 therefore d_y =—-+-+=negative
X

Question: 11. _
Consider the coordinates in each quadrant (ignore / \

magnitude) and draw a single line in each quadrant to

represent the typical direction of the slope vectors.

Navigate to page 2.2, select then move point P around the 'm » *SlopeField.n1<  Rao{Ji|[4
screen and confirm your answers to question 10. y1 '=| -yl ]

dl:

: PR . o oyl (< L 9> )R =

Notice that point P is completely free to move, this flexibility is T
required later. bl .

T e
Enter the differential equation, drag point P around the slope - [N
field to compare the results. i

£

Question: 12.
Explain why the X and Y axis are both isoclines.

d
Isoclines are lines of equal gradient. Given the differential equation d_y =—Xy,soif x=0 or
X

d
y =0 then Yy =0 therefore x and y axis have slope field lines with a gradient of 0. (Isoclines)

Author: P. Fox
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Question: 13.
Use the deSolve command to determine the general solution to this differential equation.

deSolve (y'=—xy,X,Yy) y =ke 2

Question: 14.
Solve the differential equation ‘by hand’.

dy _
dx

j%dy:—jxdx

_X2
In(y)=—+c¢
(y) 5

Question: 15.

Given initial conditions: X, =0 and Yy, =2, determine the specific solution (by hand) to this

differential equation. Check your answer using the deSolve command.

Initial conditions can be included in the deSolve command:

deSolve(y'=—xy and y(0) =2,x,y)

2

y=ke 2 (0,2)
2 =ke® (Same answer as calculator)
y=2e2

Question: 16.

On page 2.2 graph the specific equation (Question 15) and compare this with the approximated
version using Euler’s method by inserting the initial conditions in Y1. (Diff Eq)
Compare the accuracy of the Euler approximation to the specific solution obtained analytically.

Over the domain shown on the screen: 4<x<4

adf x |f1(x:= ¥|DE1.y1.”

. . . | IR )
the approximation is very accurate. To see the 1 Coordmg‘res’OfP Qu

approximation on the table beyond these limits the

: 2*e (%2 |interpola
|
| —

window needs to be changed. fL 1.21506] 1.2563

Further points ‘appear’ a lot different because the

scientific notation is not completely visible in the
table. So 2.53... looks different to 7.67, however
these are actually 2.53 x 10™** compared with

5.]0.000007] #UNDEL
4[»

Quad] 7 4533063441

7.67 x 10! so the error is very small.
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Question: 17.
On page 2.2 graph the function: 5-normpdf (x,0,1) and compare it with the specific solution to

the differential equation.

-(x-u)*
Hint: The equation for the normal distribution is given by: p(X) = ﬁ e 2

The normal distribution equation is almost the same BY > *Slope Fiel.DEs<  rao{]I|EA

as the differential equation since #=0, o =1 and i Coordmates of P’ \y uadra st L

‘ ( 1. s 0. 679) R

1 —(x— u) [. | 70 Vo |

—— ~0.399 then p(Xx)= s 20" pecomes: /
aﬁz T e S N\ \\X
-5\ \\ N NN § 5 /5

x? TR =L o

SF p(X) ~2e? F’(\) 5 normP‘lf(\ 0,117 7 fl(x)=2e 2

\ R \ \]/ / ] | | [ ]

\ Quadrant 3\ 3|, J | Quadrant4

Question: 18.
. . - dy - :
Use the differential equation d_ = —XY and the second derivative test to determine
‘ @

the X coordinates for the points of inflection on the solution curve with initial
conditions (0, 2).
Hint: Use implicit differentiation.

d

d? d(—x) d(y)

d2y dy dy _

= _y—_x2 but —X

dx? y dx dx y

d2

d_x2y ==y =X(=xy)

d’y

v y(x*-1)=0 Second derivative test
X

X=+1 Since y#0

Coordinates: (_
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Question: 19.
2
Use the specific solution to the differential equation with: X, =0, y, =2 and d_g = 0to verify
X

the answer to Question 18.

2

y=2e 2
ﬂ =-2Xe 2
dx
) dle? »
dx dx dx
2 -x* —x?
d_g/ =2x% 2 —2e?2
dx
dzy =%
— 7 _2e2 (x2 —1) -0 Second derivative test
dx?
Xx==1 As before...
Question: 20.

Each of the slope fields shown below is of the form:
Type 1: y'= f(X)g(y)
Type 2: y'= f(X)
Type 3: y'=g(y)

In each case explain how you determined the form of the differential equation.

— /N Newrdy 7 N N A A A Y T Y A A A A
— 7/ | N N7/ | N\ N VARV ARV VAV AV VAV A A A A A
—7/ I \NN~F~-/ | \~— VAV AV A A AV VAR SV A AV AV A 4
— 7/ | A\ N—~—. -/ | \ ~— S SN S S S S S
— -/ | AN/ | NN =% A A A e
ST A NN B NN T a0 - - - - - a2 2
— 7/ | A\ N—~F—-/ | \ ~N— R T N NN
— </ AN~/ | \~N—

—7/ |\ N~p—~/ | \ N— i

s N N N N — -6.67 1

Slope vectors change from left to right and  Slope vectors do not change from left to right

are therefore dependent on X. and are therefore not dependent on X.
Slope vectors do not change moving up Slope vectors change moving up and down
and down therefore not dependent on y. therefore dependentony.
[Isoclines parallel to y axis] [Isoclines parallel to x axis]
Differential equation of the form: Differential equation of the form:
y'=f(x) y'=1f(y)
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NNN NN N\gerdy /4 S S S NN NN N gk — S S
~SSNANANAN /S N\\NNNN~—~——~/ /) /
~~~~NN\\|[/ / /-~ \ANNNNSN~f~—~ -/ 7/ 1/
—_—— =~~~ \l - VANANANANN~S—/ /]
— =N/ ———— — = O T R W .3 P Y O Y B A ™
0 — — — N — — — — — a0 o [/ e
—— /[T NN N~ — — [ [/ /7 /7 —=t~x~\N\\\\
A N AN N NN /]SS o=~~~ NN N\
<=7/ 7 TV NN N NS /S S S S ==~ NN\
PP AL A B NN VRN -1 A SR
Slope vectors change from left to right and  Slope vectors change from left to right and are

are therefore dependent on X.

Slope vectors change moving up and down
therefore dependent on y.

Differential equation of the form:

therefore dependent on X.

Slope vectors change moving up and down
therefore dependenton'y.

Differential equation of the form:

y'=f(x)g(y) y'=f(x)g(y)

l\l\\\s_ﬁ‘-p}}\,\\\\// \\\\\\6.67‘5]}\\\\\\
[ R T U U W A N N N 4 NN NN NN NN
PP bV VYV VNN N— S e
L VLV VDV NN N~~~/ / A A A A e
S NN A A SO I N 1)
P VAV VYV ANNANIN~—// /| O S 2 e e
VAAVAVANNNN— S /7 /] m—mmmmm e m—— — - —
' VN NN\ Np~—/ 7/ /| ] NONONON NN NP NN N NN
[ T R S S 2 A N N B NONON N N NBETIOTO N N N N N
Slope vectors change from left to right and  Slope vectors do not change from left to right

are therefore dependent on X.

Slope vectors change moving up and down
therefore dependent on y.

Differential equation of the form:

y'=f(x)a(y)

© Texas Instruments 2015. You may copy, communicate and modify this material for non-commercial educational purposes provided
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and are therefore not dependent on X.
[Isoclines parallel to x axis]

Slope vectors change moving up and down
therefore dependent on y.

Differential equation of the form:

y'=1f(y)
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