The functiony =

sin(x)
X

by Dave Slomer

serves mathematics (and, therefore, mathematics students) well.

sin(x)
X

Since this activity is all about it, giving it a name will make it easier to communicate
about it. Let’s define it to be functid®. In fact, you might want tDefine Q(x)=sin(x)/x
on the home screen and maylmom Decimalon the graph screen before proceeding.

o hrwbdpE

10.

What is the domain @7

IsQ even odd or neither? Why?

What is a formula for all of its-intercepts?

IsO arx—intercept’P Why? Does your formula for thentercepts reflect this?

sin(x) _

Note that == Bln(x) GraphQ in theZoom Decimalwindow and tell why

this function is sometlmes said to have a “shrinking” or “variable” amplitude.
Approximate the range @. To get as accurate a range as possible, you might
want to use the graph scrdgsj (Math) (3] (Minimum ) and/or{4] (Maximum)
commands.

Find all local extreme points §fin [0,8r. While there is no nice formulauch as
exists for thex-intercepts)for thex-coordinates of the extreme points, the differences
of thex-coordinates of consecutive extreme points might have a sort of niceness
to it. Explore.

Zoom In atx = 0 and/or look at a table of values kamnear 0. Use this

information to approximatﬁrrg sm(x).
x-0 X
Use the home screga] (Calculus) (3] (limit) command to have your TI-89
N The
X

confirm that you are correct about your apprOX|mat|ori|fnr

command you will give iimit(sin(x)/x,x,0).
sin(x) _ 1
X

L’Hopital’s Rule seems to provide a short, simple “proof” of this fact, but the
very limit that we want to compute is needed for the proof that the derivative of
sin(x) is cosk)! At least, though, L’Hopital provides a way to never forget the
|n(x)

X
Since this limit is such an important fact of mathematical life, and since there are
a few interesting geometric proofs based on the “Squeeze Theorem”, you might
want to look for one or two. Can you understand one of the proofs well enough to
reproduce it?

There are many reasons V\‘h‘%
X

limit! So, use L’'Hopital's Rule to compuﬂarn
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Flndllm In(x) . Zoom to some window (or table) in which you feel confident
X — 00 X

enough about the graph’s behavior that you can predict this limit with confidence.
Let your ‘89 compute the limit. Does it agree with you?

Why can you not use L’'Hopital to compute this limit?

But why is the limit 0? Use the “Squeeze Theorem” to prove it. The functions you

sin(x)

need to “surroundq(x) = are 1x and —1%, as shown in figure 1 in the

Zoom Decimalwindow (with the axes turned off for more clarity). You will need
to first establish that those two rational functions actually do surrQuisdart

with the 3-part inequality that defines the range of the sine function, then do a
little a gebra It will take 2 cases—one for positiy@ne for negative:.

Fig_ 1 [Faw FAD nur-u. FUNC
Recall the definition diorizontal asymptotéThe liney = L is a horizontal
asymptote for a functiohif and only if lim f(x) = L.” What is the equation of

the horizontal asymptote af(x) = Sin(x) ?

sin(x
How many times doeg(x) = x )cross its horizontal asymptote?
X

True or falseA function may never cross its horizontal asymptatey? (Give a
counterexample.)
True or falseA function may never cross its vertical asymptdtay?
ClearlyQ is not continuous at= 0. Explain why, using the formeefinition of
continuity.
The type of discontinuity th@ has ak = 0 is called often calledramovable
discontinuity, but is nothing more than a hole. What are the coordinates of the
hole? Remove the hole and ma@eontinuous ak = 0 by defining Q(0) to have
the proper value.
Discus®Q' (0), Ilim Q'(x),and Ilim Q'(x).

X - 0+ X >0
Recall the definition of derivative (as a limit of a difference quotient). The limit

I|m S ( ) represents the derivative of some function at sariféhat function at

whatx?
Zoom in on that function at thato estimate the derivative. This gives you one
more reason to “know” whdim ( ) equals.

Do you think the improper integrﬁl I—(X)dx converges or diverges? Why?
X



25. Neither you nor your '89 can find a “closed-form” anti derivativ@df/se the
Fundamental Theorem of Calculus to produce an “area function” of the form

I: f (t)dt whose derivative i® (and thus is an antiderivative). Ma®¢l1) = O.

Graph the antiderivative in ttdoom Decimalwindow. Take the derivative of the
area function to make sure its derivativ€is

26.  Taylor series exist f@ aboutx = 0. To see that this is so, give the home screen

commandr3] (Calculus) (9] (Taylor) command to get several Taylor
polynomials (of varying orders, maybe up todegree) for sin aboutx = 0.
Use the commandaylor(sin(x),x,3), for example, to get thé®3egree Taylor
polynomial for sing) aboutx = 0.

(Note: Taylor series aboutx = 0 are called Maclaurin series, which are
alwaysexpanded aboutx = 0. To abbreviate below, the phrase “Maclaurin
series” will be used occasionally instead of the much longer “Taylor series
aboutx =0.")

(a) Note that every term in every Maclaurin polynomial for the sine hasmaity, so arnx
can be always be factored out. Do so. Then divide byhat did you get?

(b) Could this be the Maclaurin series @?

(c) Is dividing byx legalif we are looking for Maclaurin polynomials fQ?

(d) It may be hard to believe that a Taylor series abeud forQ even exists. Find
Q' (x) andQ" (x). [You could do it by hand, but, looking ahead, be sure you know
how to find, say, the®derivative ofQ by calculatord(sin(x)/x,x,4)]

(e) What are&Q' (0) andQ" (0)?

(f) Using the important relationship between differentiability and continuity that says
“differentiability implies continuity, explain whyQ' (0) is undefined.

(g9) Use the quotient rule for derivatives as the basis for your explanation about why
Q™ (0) [ then™ derivative ofQ at 0] is undefined for alh.

(h) The discontinuity o) at O is removable by applying the definition of continuity.
Define a_newpiecewisdunction,R, to be a “continuous version” Qf.

() Finding the ¥ degree Taylor polynomial f@ aboutx = 0 amounts, in essence, to
finding it for R. [SinceR s continuous at 0, it's perfectly legaFind '[he6_th degree Taylor
polynomial forR aboutx = 0. Don’t be impatient.

(i) What do you think took so long? How do you thinkQi (0) is always undefined,
there could be a Taylor polynomial abaut 0?

(k) Use your '89 to find the™] 2" 39 and &' derivatives ofQ(x) at O (see figure 2).
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(I) Use your '89 to find thdimit of the £, 2'% 39 and 4" derivatives ofQ(x) asx— 0
(see figure 3).
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(m)Use L'Hopital’s Rule to find the limit a®™ (X) andQ"" (x) as approaches 0. You
could do it by hand, but try the procedure outlined below for these an@@&(&0)
andQ®(0). Be sure that you have “0/0” before each application of L’'Hopital’s Rule.

The first derivative of) isn’t of the right form for roiai oo el e i1 ue] |
L’Hopital’'s Rule—it's not even a quotient, let

alone of the form “0/0”. "Define a0 =202 pope
e fqny) 9S00 _sinGo
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L'Hopital requires the derivative of numerator [rE B e o arelutmar || crimmus] |
and denominator. You can pull the quotient apart B
by USing th (Algebra) (EXtraCt) [’] '%EgetHum(d)) - =inxd
(getNum) and(2] (getDenom) commands. I — .

You can take the derivative of each at the samg oo o
time, checking to see if both are still 0 or not. | Fig. 6l
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They are both still 0, so repeat the process, but s enr o el e |1 ue] |
this is equivalent to taking the secaetivative . j:zcgemumcd:uj
of the_originalnumerator and denominator of th
guotient stored previously inth The numerator
is still 0, but the denominator is neb the result Ty p——
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Had both numerator and denominator still been O,
the commandd(getNum(d),x,3)and
d(getDenom(d),x,3would amount to the third
application of L'Hopital. (etc.)

(n) Plug those values into the Maclaurin series formula (stated below) and what do you
f"(0) X f’"(O) D<3 f‘”) (O)ENq
T 3l 5
(0) How does the'®degree Maclaurin polynomial f6@ compare with what you got
earlier?

get? f (x) = f(0)+ f'(0)k+




(p) GraphQ with the 8" degree Maclaurin polynomial 6. How would you say the

Mac fitsQ near 0?

Selected answers, hints, suggestions, comments, etc.
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Find the max and min in the window [58602m] by [-.001,.001]. Find their difference.

Interesting? Predictable? Provable?

19. Even thougHin?) 1, Qs not defined at 0.

sin(x) _

21. SinceQ is not continuous at @' (0) undefined, because “differentiability implies
continuity” has “not continuous implies not differentiable” asdsatrapositive
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Make the last argumepbsitivel to get the right-hand limit.
22. The derivative of(x) = sin) at (0,0) is defined as

im sin(0+h)- sin(O):I

h-0

- sinf
h-0 h

)

so that’s what this limit represents, derivative-

wise. Whether it'sc or h approaching 0, the limits say identical things. (Also, that

derivative could be defined disn

x-0

sin(x)— sin(O):I
x-0

m Sn€))
X-0 X '



24. Books on Advanced Calculus confirm that the integral converges (is finite), but
how to compute it isn’t clear. Derive™ announces “Dubious accuracy” and
reports 1.5676 when asked for 5 digits of precision. It does the same and then
works for quite awhile before returning 1.124909278 when asked for 10 digits of
precision. It isn’t hard to believe that the area is finite when you consider that the
graph is indistinguishable from tleaxis throughout most of théoom Standard
window. But of course that provesthing.
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(p) Lixam RAD AT FUNC Not bad up to about 3. Error analysis required for good response.



