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Differentiation [nthischapter, you will explore estimated and exact results
for derivatives, tangent lines, implicit differentiation, and
symbolic differentiation.

Example 1: Finding slope and the tangent line

In this example, you will use avgRC, the average rate of change command, and nDeriv, the
symmetric difference quotient. These commands introduce difference quotients and how they are
used to estimate slope. The limits of these difference quotients then define the derivative.

Given

f@)=va®+1,

estimate the slope of the curve when x=1. Determine the equation of the tangent line.

Solution

Use the traditional difference quotient (average rate of change) and the symmetric difference
quotient (numerical derivative) to estimate the slope. Also, use a tangent command to draw the

line and display the equation.

Calculating average rate of change

1. Ifneeded, press [HOME] to return to the Home screen.

You will now define a function. This definition will

remain in the calculator’'s memory until it is cleared.

Press [F4] Other and select 1:Define.

2.  Define the function.

F(O XDJ = 2nd [v] X[#] 2[#]) 1[0] [ENTER

Fi- Fer [F3=r| Fir FE Fa~
Tools|ATdcbralCalefdthsr |Framid|Clean Ue

B Oefine fix)= ><2+ 1 Daohe
. L2410
HAIN FHD AUTD FUMC FYED]
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16

ADVANCED PLACEMENT CALCULUS WITH THE TI-89

Press [CATALOG). If needed, press A to move to
commands that begin with A. Press ® to “page
down” to avgRC(. Press [ENTER].

Complete the command.

FIOXO O XM X[E) 1 [ENTER).

Note that the default increment for the average rate
of change is .001. Thus, the slope of the line through
the points with x-coordinates 1 and 1.001 has been
computed and is displayed. It is an estimate of the
slope of the tangent line, or the slope of the curve, at
the point x=1.

You can use a different increment if you enter it as
the fourth argument of the avgRC(command. To use
.0001, for example, press (). The cursor is now at the
right of the expression. Press (© five times to move
between the second x and the right parenthesis.
Press 1], type .0001 and press [ENTER].

This time the slope of the line through the points
with x-coordinates 1 and 1.0001 has been computed
and displayed. It may be a better estimate of the
slope of the tangent line. Also, note that the
increment value can be entered as a negative
number, so that the slope line may be computed
using a point to the left of the given point.

To gain some insight into the avgRC( command, you
can use an undefined function such as g(x). You
want to be sure that it is not currently defined;
however, you may not want to clear other variables
such as the function f that was just defined.

The best way to clear a few specified variables is by a
DelVar command. To guarantee that g and h are
undefined, press [F4] Other, select 4:DelVar, enter G [;]H
and press [ENTER].

Now press to select avgRC. The selection
arrow will still be at avgRC if you haven’t done
anything else in the CATALOG since step 3. Complete
the command.

G XDJ [ X HD] [ENTER

You now have an average rate of change for an
arbitrary function with an arbitrary increment.

it CATALDG -
and
AndFic
angled
ansy y
SPPIOx
Archiwve
arclent
m =] augnentc Nokhe

DE‘FIH:—E?QRC(W =TI 7]

ERFRYARLsH]

Fi- Fer [F3=| Fhi= FE FE~
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B EugRCOFx), x| x=1
- THF2E3

FUHC 2420

Fir Fer [F3=| Fh= FE FB~
Tools|A13cbrafCalcOkhsr [Framl0jClsan Ur|
B Oefine F(x)=]x2-+1 Dane
® auaRCF(x), %) | = =1

. 707283
® augRCCF(x), 3, 1 E~4) | x =1
. P07 24

23, EEETL Y =1
FAD AUTO FUNC 330
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MAIN
Fir Fer [F2=| Fi= FE FB~
Toals|A13¢bra{Calcjither [Framl0jClgan Ue|
T
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B SugRCOF(x), %, L4 | x=1
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. FOESE
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W TEFL24
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. TOESE
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Finding the numerical derivative

If you compute an average rate of change for one positive and one negative value for i, you will
often get one value that is an overestimate and one value that is an underestimate. You can average
these results for another estimate. The same result can be obtained directly using the symmetric
difference quotient, often referred to as the numerical derivative. It has been used more often

recently since graphing calculators began using it for numerical differentiation estimates.

1. To try the same problem with a symmetric difference A RS LA M L
quotient, press [F3] Calc and select A:nDeriv(. Complete . EE ; :g?g(gx’) “X o Hone
the command. T atx - ar

h
FXE]XE]XE]l ENTER]. = rDer Ll e, 0 | o= 1
.FEFLET
Again, the default increment is .001. E-r'-i-...-
AN RAD AUTO FUMEC L]

2. To try a smaller increment, insert .0001 as the third TR IR L Ao A T

argument, just as you did for avgRC(, and press T
ENTER]. B pDerinFlxd, 2w =1
LFEFLET
®Deriv(F(x), <, lLe-4) | =x=1
. FEFLET
E'r"i'-.-' 2l "
MAIM FEAD AUTO FUMEC BA20
3. To gain some insight into the nDeriv( command, use S P LS Mo ML L
. . . w0 LT
the command on g(x) with increment & as you did " PDELUCRCR) s %, 1o E-d) 5= 1
for avgRC(. . FO71E7
= r0erivlgl=), x, h)
“Lar = hy = alx + k)
E-r'- iulg E
HAIM FUMEC 920

Drawing the tangent line

1. To enter the function for graphing, press [¢] [Y=]. If R I (N G 5 I
necessary, press ® or @ to move the cursor to y1. If “FLoTE =
there is an old equation, press [CLEAR]. As you type the “E%:;;x *1
function, it appears on an entry line near the bottom EE;
of the screen. 33;
V] X[]2 1] [ENTER]. aﬁm: RAD AUTD FINC
2. To set a convenient viewing window and center the

origin, press [F2) Zoom and select 4:ZoomDec.

HMAlN KAD ALT FUHC
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18 ADVANCED PLACEMENT CALCULUS WITH THE TI-89

3. Compute the slope at a point on the graph. First, e e bitar R oF S
press [F5] Math and select 6:Derivatives, and then select 1ilalue
1:dy/dx. Now you are prompted for the x-coordinate. 3iMininun

5t Intersection
Bl leri1uatlvesk

H WA
SlIntlection

You can use the arrow keys, but it is easier just to
type a value. For example, to input 1 as the x-
coordinate, press 1 [ENTER]. The estimated value of the
derivative is displayed.

HMAIN KAD AUTO FLUNC

du-dx=. POV 187

MAIM FAD AUTO FUMEC
4. To plot a tangent line and display the equation, press A N [ e
. ESEEE Y
Math.and select A.Tanger)t. Enter.l for thg S: [ntersection
2-coordinate. The tangent line and its equation are giferivativest
i g Intlection
displayed. S:fistance
C
MAIM RAD AUTO FUMEC

Flr] Fer| F3 F4 FEx] Far [FP7i
T 15 |2t | TFACk|RgiGF arh|Math|DF aw|Fenf:2

U=, VU7 107+, VAP 107

HMAlN FAD AUTO FLUHC

Example 2: Exact derivatives

Each of the methods so far have used an estimation method for the slope. With the TI-89, you can
compute exact derivatives as well as the exact value for the slope at a given point.

Given the same function,

S@)=Aa? +1,

find f’(x), f”(x), and the exact value of f'(1).
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Solution

Explore the derivatives with limits and the built-in derivative command.

1.

To explore with the traditional difference quotient,
press [CATALOG), select avgRC(, and press [ENTER].
Complete the command to display the traditional
difference quotient with increment k for this
function.

FIO XD X HO) [ENTER

Of course, the derivative is the limit as i approaches
zero of the expression you have just computed. To
evaluate this limit, press ) to move the cursor to the
beginning of the command. Then press Calc and
select 3:limit(. This will paste the limit( command at the
beginning of the command.

Now finish the command with the limit variable and
value by pressing ® to move the cursor to the
end of the command line. Press (] H[:] 0[)] [ENTER].
The actual derivative is displayed, and it has been
computed by the definition of the derivative.

You also can compute a derivative as a limit of the
symmetric difference quotient. Enter the command:

3:limit([F3) A:nDeriv(F () X] ) X HDIGHGEI0 D]
ENTER

The actual derivative is displayed, and it has been
computed as a limit of the symmetric difference
quotient.

Although the limits computed above are important
for the concept of the derivative, they are not the
easiest way to compute the derivative. Use the built-
in derivative command for the function f(x).

[« F[Q X[ 0 X[0) [ENTER

You also can evaluate the derivative at a particular
point. The command uses the “with” operator that
you used in Example 1 to estimate the slope at x=1.
To compute f’(1), press ® so the cursor is at the end
of the entry line of your previous command. Then
press [1] X[=] 1[ENTER]. The exact slope at x=1 is
displayed.

Fir] Fe~ [F3~]| Fa~ | FE Fa-
Too15|A13cbE alCalc|Okher|Fraral0|Clean Ur

TIOET TwL O s s 11T

gt — h) — gl + ki)
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HAIN EAl AUTD FUHT 10750

Fi-1 F2- Fi- | FE Far
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" ]
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k=0
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MAIN AR AUTD FUMC 11750
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=

w241

it inberivifoxd.xa.hr.ha 00
MAIN EAD AUTD FUNC 1E/F0

Fi=| Fz= |FZ=] F4= | FE FE~
Too15|A13cbEajCalc|Okher|FEArl0|Clean Ur
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®
%241
ey ®
e el R )]
FES N
- AL ALTO FUNC FEFEL]

Fi- Fer [F=| Fh= FE Fa~
Tools|Al1dckrafCalc|Other|FEAml0|Clean Ur|

€+ 1

li(-ﬁ:x)] #
FES x2+1
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20 ADVANCED PLACEMENT CALCULUS WITH THE TI-89

7. You can compute higher order derivatives by typing a
value as the third argument of a differentiate
command. To compute the second derivative, use the
original derivative command (without x=1). You can
move through the history area to recall that
command. Move the insert cursor between the
second x and the right parenthesis. Press [] 2 [ENTER].

Example 3: Implicit differentiation

s =1

Aofixd,xdlx=1
HAIN EAD AUTO FONC it

Fir] Fe~ [F3~| Fi~| FE Fa-
Tool5|AT13ckr alCalc|Okher |Frarml0|Clean Ur

s

= (pe)

1

%Z +

d - Iz
m ROl =1 5
Aefex, =
AN RAD AUTO FUHWEC Rl
Fir Fer FZ=] Fu~- FE Fa~
Tools|ATAckr a|Calc|0thsr |[FramiD|Clean Ur|
T T
d - iz
" dx(ﬁ:xj)lx_l =
2
d 1
. (RLE)]
z 32
dx [}< + 1]
AL D Ml 20
AN RAD AUTO FUHWEC 330

You can compute derivatives for implicit functions in several ways.

dy

Given X’ +Xy—Yy’ +2X—3y—12, compute I and evaluate it when x=4.

Solution

Use Implicit Function Theorem from multivariable calculus to compute the derivative in terms of x
and y. Solve for the y-coordinates when x=4 and substitute. Alternately, enter ¥ as an (unknown)
function of x and compute the derivative directly. Finally, compute y as an explicit function of x,

compute the derivative in terms of x only, and substitute.

Using multivariable calculus
Implicit Function Theorem states that if z = f(x,y),

v_ "%

then —=

d _alax'
dx %

Consult a multivariable calculus text for more details on this theorem.
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First, store the expression to z.

XRN2@HXFYEY ®2@H2XE3YE 12 570y Z [ENTER

Apply Implicit Function Theorem and compute the
result for implicit differentiation.

() (2nd) [a] Z [J X[ (=] (2nd) [a] Z[] ¥ (2] [ENTER

Solve for the y-coordinates when x=4.

L:solve( Z(=) 0(5] Y[ [IJ X [=] 4[ENTER

To compute the slope at (4,4), highlight the slope
formula in the history area and press [ENTER]. Use the
“with” operator and substitute for x and y to
compute and display the slope (4,4).

(1) X[=) 4 [CATALOG) and Y [=] 4 [ENTER

To compute the slope at the other point, press ¢
3 to change the y-coordinate to ~3.

Computing the derivative directly

You may wish to compute the derivative without use of a multivariable calculus theorem. Two

Fle| Fi= [Fie] Fi=| FE FB~
Tools|A13cbra|Calc|0ther|Framid|Clean Uk

LR ICE RV RITR T B, ST
wZ sy +2) -yl -3y - 12

s B —g ™ 2
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e F R oI F 2 R = - I2
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-
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. o

Sz, oAz, gl
MAIN A AUTD FUNC Y

Fi- Fer [F3=r| Fir FE Fa~
Tools|ATdcbralCalefdthsr |Framid|Clean Ue
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g=d4 ar y= -3F
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MAIN KAD ALTO FUNC 330
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Tools|ATdcbralCalefdthsr |Framid|Clean Ue

T
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2
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2
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— RADAUTO FUNC L]

important details are: 1) it is necessary to write y as a function of x, rather than just the variable y
and 2) some creativity is needed to get dy/dx alone for the final result.

1.

Enter the differentiate command for d(x"2 + x*y(x) -
(YOO)N2 + 2x =3y (x) -12,x).

@nd) [a] X 2[H XK YO XD EHO YO XD B 2
M 2xE@3Y[ XD [E 12 X0 [ENTER

Fix F&r |F3=] Fhi- FE Fe=
|Tcu:-1s Mhbr’ultuk Okher|Fr3ral0|Clean Ue

'%[xz 30 — (01 + 2

(-2t + 3 = 3) (0] +b

a o o
[ .
HMAl KAD AUTO FUNC 1730
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You now have a solution for the derivative. However,
L L dy .
usually the solution is rearranged with @y isolated.

The solve( command on the TI-89 will not accept the
derivative as the variable to solve for, so you must
substitute first. For instance, you might use dydx
(the four letters, not a built-in symbol).

Press ® to paste the previous to the entry line,
and complete the expression.

(0 [2nd) [a] Y[ XD] L] X[DJ [5) DYDX [ENTER

To solve, press [CLEAR] to clear the entry line. Then
enter the command:

L:solve(® [ENTER] (=] 0 [L] DYDX[D] [ENTER

To evaluate the derivative at the point (4,4), edit the
previous result.

CLEAR) @ [ENTER] (1] X [=] 4 [CATALOG) and Y [ X[] 5] 4
ENTER

Fir] Fe~ [F3~| Fi~| FE Fa-
Tool5|AT13ckr alCalc|Okher |Frarml0|Clean Ur
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Solving for the function y(x)

In some, but not all implicit differentiation problems it is possible to find y as an explicit function

of x. In this example, you can see that the relation is quadratic in ¥ and you can solve for y.

1.

To solve for y in terms of x, first check that z is still
defined. You can do this by pressing Z [ENTER].

Use zeros( to find the values of y that make z equal to
Zero.

4:zeros(Z (5] Y ] [ENTER

To differentiate, press [d¢] and then ® to
paste the previous result. Now press [;] X[0] [ENTER].

Evaluate the derivative when x=4.

CLEAR] ® [ENTER] (1] X [=] 4 [ENTER

You also can plot the implicit function and compute
the value of the derivative at x=4 from the graph
screen. For this approach, you can paste the result
you have from the zeros( command to the Y= Editor.
Press and then press @ five times to highlight
the result of the zeros(command.

Press [ENTER] to paste to the command line, ©to
move the cursor to the beginning of the entry line,
and (® once to move the cursor between the { and the

.

Fix F&r |F3=] Fhi- FE Fe=
|Tcu:-1s Mhbr’ultuk Okher|Fr3ral0|Clean Ue
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o U2 S ™A ke — 20N A Y | =g
HMAIN EAD AUTD FUHT R

Fir] F2r [F3~| Fur [ FE Far
TooTs{A13cbrajCale|Other|FrArmIDjCTean U

{ 5 x2+2 x-39+x-3 )

d H SxZ 42 -39 +x-0)

z

iH 5xZ+2 k-3 +x-0
o 2

HMAlN EAD AUTO FUMC Y30

©1999 TEXAS INSTRUMENTS INCORPORATED

Stephanie M. Watts Revised: 03/18/99 10:14 AM Printed: 03/18/99 10:53 AM Page 23 of 12



24

ADVANCED PLACEMENT CALCULUS WITH THE TI-89

10.

11.

Now press and hold [1] while pressing () to highlight
the first expression all the way to, but not including,
the comma. Press Tools and select 5:Copy to copy
the expression.

Press [¢] [Y=], check that the cursor is on y1, clear any
function you may have in y1. Press Tools, and
select 6:Paste. The expression is pasted to the entry
line. Press to paste the expression in y1.

Press [HOME]. The previous command should still be
on the entry line. Press (® to move to the right of the
comma. Press and hold [1] while pressing ® to
highlight the second expression from the negative
sign through the 2, that is, almost at the end but not
including the last brace.

Copy and paste this expression to 2 in the same way
you did with y1.

To set the standard Window variable values, press
Zoom and select 6:ZoomStd. The graph of the
implicit relation is displayed.

To draw a tangent line and display the equation,
press Math and select A:Tangent. Enter 4 and press
[ENTER].

To draw the other tangent line and display the
equation, repeat the tangent command and press @
to move to the graph y2. Enter 4 and press [ENTER].

-

&iFaste
ribelete
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13gbrajCalc|0khgr [FrImi0Clean Ur
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=
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CHAPTER 2: DIFFERENTIATION 25

Example 4: Symbolic differentiation

It is important to remember that you have a calculator with a symbolic algebra system. Derivatives
can be computed that help investigate rules of differentiation, such as the product rule and the
chain rule.

Compute the derivatives for cos(u(x)), and (u(x))n, and u(x)-v(x).

Solution

Use the differentiate command with u(x) and v(x) as undefined functions.

1. From the Home screen, press [F6] Clean Up and [1Faelin Sl are | nfmar i Soain|c1n ur

select 1:clear a-z to clear the variable name.

2. Differentiate cos(u(x))with respect to x. . %{mz.u:u(x))j
[d] 2nd) [cos] U[O X (0] 0] ) X 0] [ENTER ~sinlus) ()

. =l ::.:I :::I FLUMLC 130
3. Differentiate (u(x))". [ Gl ol atvee ot ue] |
2nd) [4] [0 V[0 X[ 1) 3 NG X (1) [ENTER) -Ein(utx))'%(utxﬂ

o (e
Aol T 1 -%Eu(x:‘)

LHD AR, WD

FAD AUTD FIINE R

4. Differentiate u(x)-v(x)in the same way. [r53 e indeee ol fave athver | Siatn] 1 e
-1 _d
2nd [¢] VO XD X VO X[ G X 0] ENTER re(uCa)™ Tt

w (g wi)
s - woe) + () - b

FUMC 430
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26 ADVANCED PLACEMENT CALCULUS WITH THE TI-89

Exercises

For exercises 1 to 8, use f(x)= «/m .

Compute the average rate of change from 2 to 2.001 and from 2 to 2.0001.

Compute the numerical derivative at x=2, using 2=.001 and .0001.

Compute the limit of the average rate of change from 2 to 2+h as h approaches zero.
Compute the limit of the average rate of change from x to x+h as h approaches zero.
Compute f(x).

Compute f1(2).

Compute the equation of the tangent line at x=2.

Compute f"(x).

® NS T W =

For exercises 9 to 12, use 3x% — Xy + y2 —4x+5y=10.

9. Compute d_y
dx

10. Compute y when x="2.
11. Compute the slope of the curve at all points where x=~2.

12. Compute the equations for the tangent lines when x=~2.

e)

13. Compute the derivative for f(x)= .
v(x)
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