Msplms Getting Started with Calculus

Time Derivatives - ID: 9537 Time required
By Marion Glasby 45 minutes

Activity Overview
In this activity, students will learn how to find velocity and acceleration and identify when the
object is at rest, accelerating, and decelerating. In addition, the students will work with
related rate problems, exponential growth and decay, and cooling problems.

Concepts

e Calculating the velocity and acceleration at a given time for a moving object

¢ Identifying the intervals in which a moving object is moving at a constant speed,
accelerating, or decelerating

e Applying the chain rule to solve problems involving related rates
e Using the derivative to solve problems in models of exponential growth and decay

Teacher Preparation
e This investigation uses fMax to answer a question. Students will have to restrict the
domain to get the desired result. Students should be able to graph and take derivatives
on their own.
e The screenshots on pages 2-5 demonstrate expected student results. Refer to the
screenshots on pages 6 and 7 for a preview of the student TI-Nspire document (.tns file).

e To download the student and solution .tns files and student worksheet, go to
education.ti.com/exchange and enter “9537” in the quick search box.

Classroom Management

e This activity is designed to be student-centered with the teacher acting as a facilitator
while students work cooperatively. The student worksheet is intended to guide students
through the main ideas of the activity and provide a place to record their observations.

e Students will need to be able to enter the functions and use the commands on their own.

e The ideas contained in the following pages are intended to provide a framework as to
how the activity will progress. Suggestions are also provided to help ensure that the
activity is completed successfully.

e The TI-Nspire solution document CalcAct41l TimeDeriv_Soln_EN.tns shows the
expected results of working through the activity.

TI-Nspire™ Applications
Calculator, Graphs & Geometry, Notes
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Introduction

The main concept in this activity, time derivatives, relates to using time, t, as the basic
underlying variable. For example, let the function be a position function. Velocity, v(t), is
the rate of change of distance, so it is the first derivative of the position function.
Acceleration, a(t), is the time rate of change of the velocity (Are we getting faster or
slower?), so it is the first derivative of velocity, as well as the second derivative of the
position function.

If the function relates rates (such as a growth problem, decay problem, or cooling
problem), then the function is a relationship among different variables, but all the
variables change with respect to time.

The distance or position function is directional. Hence moving right or up on the
coordinate axes is positive and moving down or left is negative. Thus we can have a
negative velocity (a ball is dropping or a car is heading west or south) or a positive
velocity (a ball is thrown up in the air or a car is heading east or north).

Problem 1 — Velocity and acceleration of position functions

Student will graph the function s(t)=t>— 15t* + 48t. RSS2 R0 AuTo ResL
When entering the function, they will need to use x 80 |
instead of t. Students can use the Derivative and
- Ml 152 + 48
Solve commands to help find the answers.
20

e V() =s'(t) = 3t>— 30t + 48

0.5
To find when the velocity is negative, positive and at

rest, student will need to factor the velocity function.

Remind students that t > 0. b

o v({t)>Owhent<2o0rt>8

v(t) <Owhen2<t<8 (BT 15 PR AuTO ReAL

v(t)=0whent=2,t=8 Find vy and & using the Derivative
command.

To find when the acceleration is negative, positive, or

constant, students will need to find the zeros of the i(:3—15-:2+48-:) 3.2 300448

acceleration function. di
e a(t)=Vv'(t)=s"(t) =6t-30 sclvel3-£2-30-t+4-0,0) <2 er -8
solvef3-f2—3o-f+48<o,f) 2=t=3

e a(t)>0Owhent>5 . ;

ol — 1

a(t) <Owhent<5 | 5

a(t) = 0 (constant speed) whent=5
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I|_ﬂspite“”cﬂs

Students are to graph the function s(t) = sin(%tj.

o v()=s'(t)= gcos(?j

When the students use the Solve command, a series of
terms will appear. Remember: cos(t) > 0 in the

interval (7 EJ Adjusting for the period, cos( BtJ >0

on (-1.5, 1.5).

e Vv()>O0Owhentisin (-1.5+6n,1.5+6n)
v(t) <Owhentisin (1.5+6n,4.5+6n)
v(t) =0whent=15+3n.

e alt)=v'(t)=s"(t)=— zsm(?j

e a(t)>0whentisin (-3£6n,+6n)
a(t) <O when tisin (+6n,3+6n)
a(t) = 0 (constant speed) when t =+3n

In this exercise, the students can use the fMax
command. Because the curve is a parabola oriented
downward, they do not need to restrict the domain.

The value the students get is the time. They still have to
evaluate that time in the function: s(7/2) = 196 feet.

The ball lands back on the ground when t = 7. Students
can use Solve on the original equation to find thatt =0
when the ball was shot vertically and t = 7 when the ball
slams into the ground.

Problem 2 — Using the chain rule in related rate problems

Because the rate the radius of the balloon is changing is

dr . . . .

2 _3cm

ot =3 %nin' the equation for the radius at time tis

r = 3t. Student can use this equation to find the time at
which the radius of the balloon is 8 cm (t = 2.67

minutes).

Students will then take the derivative of the volume with
2 dr.
dt

= 47:(80m)2 (3 C%in) = 7687 cubic cm/min

respect to time. (31_\'[/ =4rr

av
dt

3

0.5

¥

SET 1.8 P RAD AUTO REAL i

f2(x)=sin(%J

-3

JD.S

Find v and ) using the Derivative
command.

Al
solve £-cos(ﬂ:—.f)>0,f
3 3
3.[an1-1) Y. fan1+1)
o

2

| 7fa|
<[ENISNEE] 1.11]>R4D AuTO REAL 7]
[
ezl 112+4-16-22 220 (=E)>o 7
2
. & 196
112-7 7
-16 (—J
2 2
solve| 112-¢-16-2=0,4) t=0cr =7
&
3799

PRAD ALTO REAL

A spherical balloon is being inflated. The
radius of the balloon is increasing at a rate of
3 cmifmin (dridt). How fast is the volume

dldn (o )3 108--#2
dt) oz
2 7681
1087 =
3

R ) — 5] | — ]

—
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The rate that the radius of the ripple is changing is
dr

The area of the ripple for any radius and its time

derivative is A(t) = zr? — dA _ 27r d_r
dt dt

Att=1,r=40 (1) =40 cm.

Att=3,r =40 (3) =120 cm.

At t=5, r = 40 (5) = 200 cm.

From the problem, the rate of the car traveling east is

x = 75t and the rate of the car traveling north is y = 20t.

Because the cars are traveling at right angles, the

distance between the cars is the hypotenuse of the right

triangle.

s(t)=yx? +y? > s(t) =,/(75t)2 +(20t)2
So s(t) =5ty/241 - s'(t) =5+/241

The sign(t) in the answer reflects the fact that the
device does know whether t is positive or negative.
Here, the answer should be positive.

Problem 3 — Growth and decay derivatives
In the growth problem,
e A(0)=200
A(1) =450
450 = 200e* —»2.25=e* - 2In(3/2) =k
o All)= 200e!(2In(3/2)
A(3) = 200e®@G/2) — 227813

e A(t)= (|n(2.25)) .200e!M(2:25)
A'(3) = (In(2.25))- 2006?29 —1847.4

Students are to solve A(t)=50,000. The nSolve
command gives the decimal time rather than a
fraction. (t = 6.8088 hr)

P 40ﬂ. So the equation of the radius at t is r = 40t.
s

EAEEES) 24 PR AuTO ReAL ]
2071 40-40 10053.1 [
2071120-40 30159.3
2+71-200-40 50265.5
|

[

399

{[EE 255 25 P RaD AUTO REAL |

=

a 0 .o M
_( |'(?5-z)2+(2o-f)2) 5+/ 241 -sign(e)

dt
™
1799

:ﬁﬁm&o AUTO REAL
solvel450=200-¢" A/ ;c=2-1n(£J

2

2-1n(2J-3
2008 M2

]
=
18225
a
i
400.m(z).(2)
2 4
o
21

dat

4 3.3 [PRAD AUTO REAL
dnl = ATEL
d e 2J’ 400-n| = || =
—200-p 2014

2-1n(2)-!
nDervizoo-e 27 =3

e

2-1n( )-!
nSolvelzoo-e ‘2 =so000.¢
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TI-72Spire cAsS
In the decay problem,
e A(0) =200,
A(30) = 100 (half of A(0))

100 = 2006™* — k = —1\2)
30

e A(t)=200e 3
~1001n2

A(100)=200e 3 =19.84

t

20-In(2).2 %
. Ay 2022
3
100
— . . 30
A(100) = —29 'n(j) 2% 0458

Students solve 1=200e"® for t, nSolve gives
229.316 years.

Problem 4 — Cooling derivatives

In this problem, lowercase t is time and uppercase T
is temperature. Remind students to be careful with
the case of the letters.

e T(0) =120, T(30) = 100, T(sur)=70, so c =50

100 = 70 + 50e%% ak:%.

~In(5/3)

e T=70+50e 2

e Solve for t. It will take 135.2 minutes.

(EEEENER = PR AuTo ReAL 7]
o )
selvel100-200-620% ) . nl2)
30
100-1Inl2) 2
200-e  ° 5.0
2
2 19.8425
3
25-2
» Decimal i

{EEEE]E =5 PraD AUTO REAL |

-

=
2
z 19.8425
3
252
p Decimal
2
nl2)- 229.316
nSolve|1=200-e 2% ¢
=
9

([ESERNEE 43| R4D AUTO REAL H
w
solve|100=70+50-630% ) 'IH(E) |

3

k:
30
ln(EJ-e’ 135.227
3
nSolvel7s=70+50-¢ 0

=
299
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Getting Started with Calculus

Time Derivatives - ID: 9537
(Student)TI-Nspire File: CalcAct41l_TimeDeriv_EN.tns

FRAD AUTO REAL |

TIME DERIVATIVES

Calculus
Velocity and Acceleration,

Growth and Decay, Related Rates

PRAD AUTO REAL ]

In this activity, you will explore functions with
respect to time. Finding the derivatives of
these functions will describe the rate of
change of awvariable that is dependent on
time.

PRAD AUTO REAL

the car is being pulled by the track and then

is released. The function s(f)=13—1512+481 is
the position function where the car is being
pulled by the track (0 < t < 11} and released
to roll freely on the track (11 < t < 15).

Graph the function on the next page and then
find the velocity and accerlation functions on

m

. ]

A raller coaster is on a launch system where I
page 1.5. =

_[FEESN 1.4 PRAD AUTO REAL ]

80 |

20

0.5 12

8 rild=

»

[ 1.5 P RAD AUTO REAL i

Find v and a{) using the Derivative
command.

ol || E— )

FSEIISY (s PRaD AUTO REAL ]

Where is the velocity postive? Negative? At
rest?

Where is the accerleration postive?
Megative? Constant?

The movernent of a boat sitting in an ocean
can be modeled by the functions(f)=sin(n—'f).
The boat is on the top of a wave when s(t)=1
and in the trough when sit)=-1.

Graph the function on the next page and then
use page 1.9 to find the velocity and
accerlation functions.

| 0799 |
W>RAD AUTO REAL ]
3y
0.5
2] 2 20

® & fil=

Find v} and (9 using the Derivative
command.

il 6] Bl

(| 0/93 |
SIS 1.0 PRAD AUTO REAL B | <[ESENANG]11]RAD AUTO REAL i (SN0 2.1 PRAD AUTO REAL ]
=)
If a ball is shot vertically with a velocity of N For the related rates scenarios on pages 2.2,
112 ftfs, then its height above the ground after 2.3, and 2.6, you are given the rate of change
t seconds is slf)=16:~16:2. Ground is of the radius or distance with respect to time.
conzidered s{f) = 0. To solve the following problems, identify the
What Is the maximum helght of the ball? changing quantities, write an equation that
When will the ball hit the ground? relates the two quantities, and then
differentiate both sides with respect to .
00|
iﬁh&m AUTO REAL i| WNAD AUTO REAL ] :ﬁmbmo AUTO REAL i|
= =
A spherical balloon is being inflated. The A stone is thrown into a lake, creating a M
radius of the balloon is increasing at a rate of circular ripple that travels outward at a speed
2 cmimin (drfdt). Howe fast is the volume of 40 cmis. Use page 2.4 to find the rate at
changing when the radius 1s & cm? which the area of the ripple is changing when
| = = =
- ﬁ t=1,¢=3, and #=5.
o Ll
0/99 | 09 |
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Getting Started with Calculus

[EEEEEE 25 PRaD AUTO REAL B

Two cars leave an intersection
simultaneously. Cne car travel east on the
interstate at 75 mph. The other car travels
north on a gravel road at 20 mph. How fast is
the distance between the two cars changing?

Hint: What is the distance formula?

([EE)EAES] 25 PRaD AUTO REAL il
=

(ZEA|EEE8] =1 PRaD AUTO REAL ]

In exponential growth and decay problems,
the rate of increasefdecrease is proportional
to the amount present.

Alr)=e®e—alo)e™

ﬁ#cé, Fe=0 for growth and k<0 for decay
ot

([EREEEA] =5 PRaD AUTO REAL B

=

|
0/99 ||

09|
{[ES|EEER 52 PRaD AUTO REAL i [ESEEEY =3P RaD AUTO REAL i (EA]EE]EE] =4 Prap auTO REAL ]
=Y =)
A bacteria culture initially contains 200 cells M The half-life of cesium 137 is 30 years.
and grows at a rate proportional to its size. Suppose we have a 200 mg sample.
After an hour, the population has increased to What is the value of k?
450 cells.
Haow much remains after 100 years?
What is the value of k7
What is the rate of decay after 100 years?
What is the population size after 3 hours? J— . .
er how long will only 1 mg remain’
What is the rate of growth after 3 hours? U
[
When will the population reach 50,000 cells? =l 799 ”

[EEEAES 4.1 PRaD AUTO REAL u

The change in temperature of an ohject is
proportional to the difference in termperature (
Ty of an object to the temperature of the
surroundings, T(suwr.

£=k(?’—7(sw))
dt

™= 7'(syr:|+c- e'id, e=T— 71:51;?")

[EEES ] 42 PRaD AUTO REAL ]

A cup of coffee has temperature 120°F and
take 30 minutes to cool to T00°F in a 70°F
Foom.

What is the walue of £7
What is the equation of the cooling function?

Haowy long will it take for the coffee to cool to
7ROF7

{[ESETES 3] RaD AUTO REAL i|
=

0/99 ||
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