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Arc length and surface area

Introduction

We have used integration and developed results to find areas and areas between curves and volumes of revolution
when curves are rotated about either the x or y-axes. In this investigation we will develop definite integrals to find the
length of a plane curve and the surface area formed when the curve is rotated about the x or y-axes.

Length of a curve
Suppose that the curve y = f (X) is continuous on the closed interval a < X <b . The curve can be thought of as

being made up of infinitely many short line segments as shown.
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Consider two typical neighbouring points with coordinates P (., f (X,_;)) and Q(x;, f (x;)) on the curve.

The length of the small slope joining the points Pand Qis As =d (PQ) = \/( X — XH)Z +( f(x)-f (XH))Z

Surface area
When the curve is rotated 360° about the x-axis, it forms a surface of revolution S .
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The surface area of the disc or frustrum of a cone is given by AS =7( f (x )+ (x,))As
(this result will be verified later, see example 7), where s is the arc length. We can approximate the arc length and
surface area from X = ato X =b by subdividing the interval X € [a, b] into n equal strips each of width h and then

X, =a, X, =b, X, =a+ih,where h:E.
n
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Arc length and surface area

Question 1
Using the provided tns file, for the function f (x) = \/; . Subdivide the interval X [O, 6] into n strips, where

n=12,3,4,6,10,50,100 and in each case give your answers correct to four decimal places, to

a. find the length of the curve from X =0 to x=6.
b. When the curve is rotated about the x-axis it forms a volume, find the surface area of this volume of revolution.
c. Are these values approaching a limiting value?

General results for arc length and surface area
Denoting Ax =X — X, , Ay=f(x)=f(x_), As=4/(Ax)" +(Ay)’, and
X, =a,b=x, x,=a+ih, h= B, the total length of the curve S from X =a to X =b is obtained by

n
summing over all such elements and taking the limit as N — oo oras AX — 0.

s—Ilmzm—llmz 1+( j

AX—0 x=g AX—0 x=g

The total surface area S when the curve is rotated about x-axis is found by summing over all such discs between X =a
and X =b and taking the limitas n — oo oras AX — 0.

= lim Z”( (%)) (Ax)" +(Ay)’

Ax—0 4

x=b x=b x=b 2
S=lim ) 2zyAs =lim ZZ;zy,/(Ax)er(Ay)2 =lim ) 27y /1+(ﬂj AX
A0 Yoa M0 Yo Ax—0 xoa AX

b 2
dy b b Y
S=27zLy 1+(&j dx:Zﬁjayds:ZﬂL f(x)y1+( f'(x)) dx

Note that for some functions the definite integrals obtained for the arc length or surface area can not be found
using our integration techniques and CAS must be used to evaluate these definite integrals.

Using CAS for arc length

4% 1 Actions
5 2 Number

CAS has a built in function to determine the arc length of | 5 agepra 6 Product

the curve y = f () overthe interval a< x <b. I+ Caleul: 7 Function Minimum

9 5 Probabil® Function Maximum
X 6 Statistic® TangentLine
On a calculator page, choose 4:Calculus B: Arc Length and complete [ 7 Matrix 8A NormalLine

) ¢ 8 Finance ENYTSN
using the syntax arcLen( f (x),x,a,b). agf s Pnancel v .

D Differential Equation Solver...
E Implicit Differentiation
F Numerical Calculations 4
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Arc length and surface area

Question 3

Setup a definite integral to find the length of the curve y = x° + % from X =1 to X =2 and evaluate, giving your
X

answer in the form % where a,be Z. Check your answer using CAS.

Question 4

For curves of the form y = X" + im for which we can find the arc length, by evaluating the definite integral by hand,
CX

express m and c in terms of n. Given another four types of curves of this form for which we can find the arc length.

Question 5
For the function f (x)= Jx.

a. Set up a definite integral for the length of the curve from X =0 to X =6 and using CAS evaluate.

b. When the curve is rotated about the x-axis it forms a volume, find a definite integral for the surface area of this

o . ar
volume of revolution giving your answer in the form T where a,be Z.

Using CAS for surface area

Find the Surface Area of f1(x) fromato b

CAS does not have a built in or intrinsic function to find a=0 » 0 bi=6 > 6
the surface area, but we can easily develop a notes page

to implement this or write a TI-Nspire program. Define 1(e)=x » Dore

Define df(x)=i(f 1(.\’]) » Done
dx

b
- J(rlm- [1+(att0)? e » 2

a o

Question 6
Setup a definite integral to find the surface area obtained by rotating the curve y =+/3x+4 from x=0to x=2

about the x-axis and evaluate giving your answer in the form a{ where a,be Z. Check your result using CAS.

Surface area of a cone

Question 7
a. Show that the surface area of a cone with height h and radius ris given by S = zr/h*+r?or S = zrs

where s =+/h?+r?.
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Arc length and surface area

Truncated cone

¥

b. Show that the surface area of a truncated cone (or frustrum) with inner and outer radii of I, and r, and

slope length I'is givenby S =7z (r, +1,)l.

Arc length with the y-axis

Suppose that the curve X =@ ( y) is continuous on the closed interval ¢ <y <d . The total length of the curve

x=g(y)from y=c toy=d is obtained using the result

S= jAs_Ilm «/ Ax +(ay) _I|m [AXJ Ay

Ay—0 y—¢ Ayao Y—a y

Surface area around the x-axis
When the curve X=¢ (y) is rotated 360° about the x-axis, between y =cand y =d it forms a surface of revolution

S.,leta=g(c)and b=g(d) then

S= Jymdx 27 jycyds 2;;Jy y1+[dX] dy =27 fycy\/1+7

y=C
Question 8
For the curve X = y?

a. Setup a definite integral involving y to find the length of the curve from y=0to y = \/g and evaluate giving
your answer correct to four decimal places, using CAS.

b. When the curve is rotated about the x-axis it forms a volume, setup a definite integral involving y to find the
_ , . , a
surface area of this volume of revolution and evaluate, giving your answer in the form Fﬁ where a,be Z.
Check your result using CAS.

c. Compare your results with Question 5.
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Arc length and surface area

Arc length and surface area in parametric form
Given the parametric curves (1) x = x(t) and (2) y = y(t) the length of the curve between t =t and t =1, is

b 2 2
givenby s = (%j +(ﬂ] dt
. dt dt
When the parametric curve is rotated about the x-axis, between t =t, and t =t, the surface area formed is given by
k) 2 2
dx dy
S=1| 2zy(t),||— | +| — | dt
Jt " )J(dtj (dt)

Question 9
A particle moves along a curve defined by the vector equation 1 (t)=cos(t)i+cos(2t)j for 0<t<z

a. Find the Cartesian equation of the curve and sketch the graph of the curve.
b. Find the speed of the particle.
c. Setup a definite integral involving t to find the total length of a curve.

Find the total length correct to four decimal places.

d. When the curve is rotated about the x-axis, setup a definite integral involving t to find the surface area.
a
Find the surface area giving your answer in the form Tﬂ where a,be Z and check your result using CAS.

e. Verify your results for ¢. using the cartesian equation.

Question 10
A particle moves along a curve defined by the vector equation 1 (t) = (t —sin (t))i + (1— cos (t)) jforo<t<2z

o

Sketch the graph of the curve using CAS. What is the name of this curve?

b. Find the speed of the particle in terms of t.

c. Setup a definite integral involving { to find the total length of the curve and evaluate.

d. When the curve is rotated about the x-axis, setup a definite integral involving ¢ to find the surface area and evaluate.

e. Verify your results using CAS to ¢. and d.

Surface area around the y-axis
Suppose that the curve 'y = f () is continuous on the closed interval a < x <b andlet c = f (a)and d = f (b)

then When the curve is rotated 360° about the y-axis, it forms a surface of revolution S .

x=b d 2 y:d d 2
S =27Z’J X /1+(—yj dX=27ZJ’ X 1+(—Xj dy
dx dy
X=a y=

=C
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Arc length and surface area -

Question 11
For the function f (x)= X, xe [0,6]. When the curve is rotated about the y-axis it forms a volume, setup two

definite integrals to find the surface area of this volume of revolution and evaluate using CAS, giving your answers
correct to four decimal places.

Summary of all formulae
Arc Length

Xx-axis y_f J f1+ dy dx = f,/1+

d
y-axis x=g(y) s= J /1+ dx dy fy 1/
“lraxy (dyY
parametric between t =t and t =t,, s= (—j +(—yj dt.
: dt dt

Surface area around the x-axis

x-axis y = f(x J y"1+ dx f y,/1+
d 2
=d
yaxis x=9(y) S ZIZJ y f1+(j—;j dyzz,zfyy=C y /1+(g’(y))2 dy

t, > >
parametric between t =t, and t =t,, S = 27;J' y(t)\/(%j +(3_3t’j dt .

4

Surface area around the y-axis
x-axis 'y = f :J X 1+ dx f X,/1+
‘ d
y=
y-axis Xx=g () SZ;rJ’ X /1+( j dy = 27rf x./1+

t 2 2
parametric between t =t, and t =t,, S = ZnJ x(t) \/(%j +(C;—¥j dt.

[
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Surface area of a sphere
¥

h
yr ‘;“
4

Question 12

a. Show that the surface area of a sphere of radius ris given by S = 47zr?.

b. Obtain the parametric equations of a circle of radius r and hence verify the result for the surface area of a sphere.
c. Show that the circumference of a circle of radius ris C = 2zr .

Question 13

For the function f :[1,7] >R, f(x)=log,(X), setup definite integrals involving x and use CAS to give answers
correct to four decimals, to

a. find the length of the curve from x=1to x=7.

b. When the curve is rotated about the x-axis it forms a volume, find the surface area of this volume of revolution.
c. When the curve is rotated about the y-axis it forms a volume, find the surface area of this volume of revolution.
d. Repeat a. b. and c. using different definite integrals involving y.

Question 14

A particle moves along a curve defined by the vector equation 1 (t)=cos®(t)i+sin’(t) j for 0<t<2x

a. Sketch the graph of the curve. What is the name of this curve?
b. Find the speed of the particle.

¢. Find the total length of this curve.

d. When the curve is rotated about the x-axis, find the surface area.

e. Find an implicit relationship for the equation of the curve and verify your results for ¢. and d.

© Texas Instruments 2022. You may copy, communicate and modify this material for non-commercial educational purposes provided Author: Raymond Rozen

all acknowledgements associated with this material are maintained.

I TEXAS
INSTRUMENTS



