Ages 17-19 — Exploring functions with CAS

a) Consider the functions ¢, (x)=cos(n-arccosx) with ne N,:

b)
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Conjecture

C, (x) is a polynomial function of degree n . The function is even if n is even and odd if n is odd.
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Consider the functions s, (x)=sin(n-arcsinx) with ne N;:
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Conjecture
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s, (x)is a polynomial function of degree n if nis odd, s, (x)=c,(x)for n=15,9,... and

s,(x)=—c,(x) for n=37,11,...

S, (x) is v/1—x? times a polynomial of degree n—1 if n is even.

The function s, (x) is odd for all ne N,.

Consider the functions t, (x)=tan(n-arctanx) with ne N;:
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Conjecture
t, (x) is an odd rational function, with an odd numerator and even denominator.

If niseven,the denominator has degree n and the numerator has degree n—1. If n is odd, the
numerator has degree n and the denominator has degree n—1.

Proof of the conjectures

(i) Are the functions even or odd?

(i)

(iii)

« ¢, (-x)=cos(n-arccos(-x))=cos(n-(z —arccosx)) = cos(n - —n-arccosx)

If niseven, ¢ (—x)=cos(—n-arccosx)=cos(n-arccosx)=c,(x).

If nisodd, c,(—x)=cos(z—n-arccosx)=—cos(n-arccosx)=—c,(x).

Conclusion: ¢, (x)is even if n is even and odd if n is odd.

o s,(-x)=sin(n-arcsin(—x))=sin(-n-arcsinx) = -s, (x)

Conclusion: the functions s, (x) and t, (x) (analogous) are odd.

s,(x)=c,(x) for n=1,5,9,... and

s,(x)=—c,(x) for n=37,11,...

s, () =sin(n-arcsin x) =sin(n- (£ —arccos x)) =sin(n- £ —n-arccos(x))

If n=1+4k, s, (x)=sin(£+k-2z—n-arccos(x))=sin(£—n-arccos(x))=c,(X)

If n=3+4k, s (x)=sin(%+k-2z-n-arccos(x))=sin (% —n-arccos(x))

= —sin(% —n-arccos(x)) =—c, (x)

c,(x) (neNy)and s, (x) (n odd) are polynomials of degree n.

De Moivre’s theorem states that for « € R and ne N :

(cosa +i-sina)" =cos(na)+i-sin(na).

Expanding the left side and equating the real and imaginary parts provides expressions for
cos(na) and sin(ne). Then substitute o =arccosx (or o =arcsinx).
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Example:
Substitution of o =arcsinx in sin(5)

yields the polynomial
ss (X) =16x° — 20x° + 5x
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The binomial theorem proves the general case:

n n

(cosa +i-sina)’ ZZ(EJ(COS“)k (i-sina)™™ :Z(Ej(cosa)k (sina)"™ i

k=0 k=0

Collect the terms with even power n—k of i for the real part cos(n -a) and substitute

n-k
o =arccosx, then (cosa)*-(sinar)"* =x* - (1-x’ ) , a polynomial of degree n.

Collect the terms with odd power n—k of i to find the imaginary part sin(n-«)and substitute

a =arcsinXx.
k
If n is odd, k must be even and (cosa)* -(sina)"“ =(1-x*)?2 - x"* isa

polynomial of degree n.
If nis even, k must be odd and (cosa)* -(sina)™ =v1-x* -(1-x*) 2 -x

n-k

k-1
2 . x"™ is a polynomial of degree n—1.

Therefore (1— xz)

(iv) t,(x)=tan(n-arctanx) is a rational function (neN,).

tana +tan g

Using the trigonometric formula tan(a + ) = Tt -
—tana - tan

, we find that

tan((n-1)a)+tana
1-tan((n-1)a)-tana

tan(na)=tan((n-1)a+a)=

The substitution o =arctan(x)yields the recursion formula

tn(x)z% (n>=2 and t,(x)=x).

CAS can be used to produce the sequence t, (x),t,(x),t;(x),...
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d) Remarks

(i) Observe how CAS and formal mathematics can cooperate.

(ii) The real function c,(x)=cos(2-arccosx)=2x" -1 has domain [-1,1].



For CAS, the function has domain R : working with complex functions, the result of

arccos(2) is non-real, but cos(Zarccos(Z)) =7 isreal!
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(iii) Knowing that c,(x) (neN,)and s, (x) (n odd) are polynomials of degree n, it is possible to

find these polynomials with their zeros.

To find the zeros of ¢, (x)=cos(4-arccosx),

observe that 0<4arccosx <4x and

if4-arccosx=%+k-ﬂ (k=0,12,3)

or arccosx=%+k-% (k=012,3).

|‘E1 T Few Tr:v]’ r-an FE T [ T]
va Algebra|Calc|Other|FrgmlId|Clean Up
3 :
ms JT [x—-:-:-5[%+ k4n]]+f‘(><,a) Oone
k=0
2 2
la wf+Z-2] 4 x5-2-2
" Fis, a8 alax?+ 3 1?5[ x2-[2-2)
mzoluelfid,a)=1,a) a=8
® expand( £, 5 gxt-g-xfei
expandtfCx B3>
MAIN FAD AOTO FONL G720

The zeros of c,(x) are x, = COS(%-I— k %j (k=0,1,2,3), consequently

Co(X)=a(x—=% ) (x=x)(X=%,)(x=X%,).

Find awith c,(0)=1. Result: c,(x)=8x"-8x"+1.



