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Key Topic: Derivatives
Abstract:

This activity is designed for students who have already learned the definition of the
derivative and that it can be used determine the slope of a curve. The goal of the
activity is to show these students that the derivative can also be used to determine the
rate of change of one variable with respect to another. This is achieved by
investigating the relationship between average and instantaneous velocity. Students
will also learn the physical meaning of negative and positive rates of change.

Prerequisite Skills:

» Knowledge of the limit definition of the derivative.
« Ability to evaluate the derivative of a polynomial.

Degree of Difficulty: Easy
Needed Materials: TI-89
NCTM Principles and Standards:

« Content Standards — Algebra
* Represent and analyze mathematical situations and structures using
algebraic symbols
» Use mathematical models to represent and understand quantitative
relationships

» Draw a reasonable conclusion about situation being modeled

* Process Standards
» Representation
e Connections
* Problem Solving



RATE OF CHANGE

At some time in your educational experience, you most likely had it drummed into your
head that distance equals rate times tiheBut were you really taught the truth?

Consider this scenario: You are driving on an interstate which has a 60 mph speed limit.
After 2 hours of driving, you find that you have traveled 116 miles. Did you ever exceed
the speed limit during this trip?

According to the distance equals rate times titfermula, you traveled at the nice, safe
speed of 58 mph, and thus never exceeded the speed limit. But is this plausible? If you
set cruise control to 58 mph and never experienced any traffic, then yes, it is plausible.
But a more realistic scenario is that at least once during that 2 hour drive, you came upon
a slow moving truck which you had to pass. You may even have exceeded the speed
limit while doing this! So you most likely were not always traveling at 58 mph, and you
may have indeed exceeded the speed limit.

So what does this say about thikstance equals rate times tifrfermula you learned? It

says that one very important key word was left out of this formula — theaverdge

This formula gives you only theveragerate @veragespeedaveragevelocity). It's like

test grades. If on four math tests you get a 28, 100, 100, and 100, and a friend of yours
gets an 84, 84, 80, and 80, you both have an average of 82. But who's the better student?

So why was the wordverageleft out when you learned this formula? It's because you

need calculus to understand the concept afistantaneousate. It's like the

speedometer in a car. If you are driving down an interstate trying to stay at a speed limit
of 60 mph and you don’t have cruise control turned on, you will notice that the
speedometer probably gives you readings which vary between 58 and 62 mph. How does
a speedometer do this? It uses very small time units, measured in seconds as apposed to
hours, to calculate theeveragespeed.Instantaneousate takes this a step further. As

you will see instantaneousate is found by allowing the time interval to approach zero!

To illustrate this, let's get back to our original scenario: You are driving on an interstate
which has a 60 mph speed limit. After 2 hours of driving, you find that you have traveled
116 miles. Did you ever exceed the speed limit during this trip?

Well, to answer this question, we need to know a bit more|
about what you were doing during these 2 hours. So let’s
assume that the functioh(x) = 4x* — 48x* + 109¢ gives the
number of miles you traveled by timemeasured in hours.
This is graphed at the right forstiks 2 an&k §< 120

HMAlN KAD AUTO FUNL




To find out if you were speeding, we could use tables ( see p. 225Tf 8%

GuidebooR to help us calculataveragespeed by entering time intervals of 15 minute

(.25 of an hour), and then having the TI-89 finddkeragespeed. To fine tune this

process, we could change time to 10 seconds, and then 5 seconds, and then maybe even 1
second. But we are not here to teach you how to do tables! Saighte48x’ + 109

intoy1, and let’s find a direct calculation of theeragespeed. The formula f@verage

speed is

ya(t,) - ya(t,)

averagespeed=
ol

where time is measured in hours averagespeed is measured in mph.
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If, for example, you wanted to find tla@eragespeed during
the first hour, you would store 0 in the variallend store 1

. . LTI ] Q
in the variablez. And then you would enter the formula fofjs 1 + +z 1
averagespeed as shown at the righya ¢an be found in the |=21t2 -9l 65
var-Link menu which is accessed by press$ing (=].) 2L bl gt .

After pressing enter, you find that theeragespeed was 65 mph. But this indicates that
you were exceeding the 60 mph speed limit during the first hour of travel! When were
you speeding?

To answer this question, let’s first test the first half hour of—
travel by storing 0.5 iret (Since time is measured in hours

in they1 formula, £ must be entered as a fractional part of {
hour.) Instead of re-entering the formula d@eragespeed,
simply press the up arrow key until the formuladoerage
speed is highlighted, as pictured at the right. Pre§3ingR]
will place the formula on the command line, and pressing
ENTER] again will evaluate it using the new value fgrthus finding that thaverage

speed during the first half hour was 43 mph. So it is unlikely, but not impossible, that
you were speeding during the first half hour of travel.
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QUESTION 1. In the following, as aboveyl(x) = 4X' — 48X + 109¢ denotes the

number of miles you traveled by timemeasured in hours.

a. What was thaveragespeed during the second half hour of travel?

b. What was thaveragespeed during the time frame from %2 to % of an hour?
c. What was thaveragespeed during the time frame from %2 to 1 hour?

d. What was thaveragespeed during the third half-hour of travel?

e. What was thaveragespeed during the last 15 minutes of travel?



Based on your answer to part a, it appears that you were speeding sometime during the
second half-hour of travel. Your answers to parts b and c indicate that you were most
likely speeding during the whole second half hour of travel. And your answer to part d
says that at least at some (maybe many) point in time you were speeding. But what about
the last 15 minutes of travel? Aweragespeed of slightly less than 60 mph does not, on

the surface, exonerate you from speeding! Maybe you hit a 6 minute traffic jam which
caused you to travel at an average of 30 mph, and then you made up for it by speeding at
80 mph for the remaining 9 minutes!

So how do we determine how fast you were going at any point in time? We could look at
theaveragespeed over a time period of 1 hr, 30 mins, 15 mins, 10 mins, 1 min, 30
seconds, 1 second, etc. Or we could use the concept of a limit and look at a time frame
which goes to zero. In terms of the notation given in the above example, this would give
us the following formula:

im  YAt2)- y1(tl)

“speed”’ =
(t2-t1)- 0 t2-11

In general mathematical terms, fif x & )the distance traveled by timethen the
“speed” for a time period frortl=x to t2=x+h, whereh>0, is

speed= o+ - f(3
(+h=9-0  (X+h) - X
Simplified, this gives
“speed”’ =lim FOx+ )= 1 .
h-0 h

“Speed” is in quotation marks because it isangdragespeed. It is what is now called
instantaneouspeed. And from its definition, you should recognize ittetintaneous
speed at timex=a is simply f' @).

So in the above scenario, how fast were you going when you were 1 hour and 50 minutes
into your trip? Since time is measured in hours, the answi(li§) where

f(x) =4x' - 48x + 109¢, the distance traveled ihours.



How can we get the TI-89 to find tirestantaneouspeed off'(12)? Well that is really
easy since we already havex (d¢fined iny1. Go to the home screen by pressing
(HOME]. Pres$F3] 1 to find a derivative. Enten (y1 can be found in thear-Link menu
which is accessed by press[agl] [=].) Sincey1 is a function ok, presgX] and close the

parentheses. Pregs$and then(X] to indicate that the
derivative is to be taken with respect to the variabl@hen |[rmsrdéorelubifrsminlerdan ue

press[)] to indicate that you are finished giving the
calculator the command to find the derivative. To get the
TI-89 to evaluate this derivative at=12, press the Loy x=1 456 2
evaluation keyi] (left column, fourth from bottom) and — SFEEEREEIESERE
enterx=1+5/6. To convert the fractional answer to a

decimal, presP][ENTER]. The answer tells us that you were probably caught in traffic at
that time, traveling at a paltry speed of slightly over 14 mph.
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Note: To find the derivative when the function is not ik R e ) B

entered usinfy=], just enter the function in place of
y1 in the directions specified above. For example, t
illustration at the right shows you how to fifd  (3) |s-Z(x2)|x=3 &

where f (X) = X2 . - it I::; FURL [RET

SUMMARY:
distance traveled

time required to travel that distance

* averagerate =

* instantaneousate (at time) = f'(t)
where f & )=distance traveled by time

CAUTION: Henceforth, irall calculus and calculus based physics textbooks, the word
“rate” will meaninstantaneousate. If theaveragerate is desired, the word “rate” will be
preceded by the adjectivaveragé. So the word “rate” alone refers to the
instantaneousate, which is a derivative. This is a very important point since it appears
to contradict thedistance equals rate times tifrfermula which you are used to.



ANSWERS:

1. a. 87 mph. b. 83.3125 mph c. 90.68.75 mph
d. 77 mph e. approx. 60 mph



