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Chapter 7

EXp(

Differential 'n Chapter6, you used the deSolve( command to solve

- differential equations analytically. In this chapter, you will
Equatlons_ and use the differential equation graphing mode of the TI-89 to
Slope Fields solve differential equations graphically and numerically.

You will start with a solution that should look familiar and
then move to more difficult equations.

Before you begin this chapter, reset your TI-89 to the default settings by pressing
[MEM] [F1] Reset, then select 3:Default (ENTER].

Example 1: Slope fields and specific solutions

Solve this differential equation.

Solution
The analytic solution is

xz

=—+C
Y=
As you choose various values for C, you will obtain parabolas with the same shape that are shifted
vertically from each other. You can graph this family of parabolas with the differential equation
graphing mode on the TI-89.

1. Press [MODE] to display the MODE dialog box. Press () [E It 2|
and select 6:DIFF EQUATIONS. Press [ENTER] to save the M
change and return to the Home screen. fuvvaii] 13FUNETION

iPARANETRIC

HMAlN EAD AUTO FUMC [ Fael]
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ADVANCED PLACEMENT CALCULUS WITH THE TI-89

Press [¢] [Y=] to display the Y= Editor. Clear any
equations that are stored.

Enter the differential equation using ¢ in place of x.

T (3] 4[ENTER

Press Tools and select 9:Format. Change your
format settings, as necessary, to match those shown
at the right, and press [ENTER].

Graph the solution in a Zoom Decimal window by
pressing Zoom and selecting 4:ZoomDec. This
graph is called a slope field. It suggests to the
imagination a family of the parabolic solutions to the
differential equation.

You can see specific members of this family of
solutions by specifying initial conditions for the
differential equation. If you want to see the specific
graph corresponding to the initial condition %(0)=0,
return to the Y= Editor and enter O for yi1.

Press [¢] [GRAPH] to see the specific solution graphed
with the slope field.

HMAIN KAD AUTO DE

GRAFH FORMATS
Coardinak:
Siw

Grid.

Axgs.

Lgadi

Labsls.. OFF #
Solukion Mthoed RE*
Fizlds SLFFLD#

Enter=FAVE ESCSCAMCEL
USE  AMD + TO OFEMW CHOICES

Fi-| Fe=| FZ 3] FEx| Fa~ [F7-FB
Tools|2oom|Trace|ReGr arh|Makh|Dr aw|Fen|ic

o s T
D N ol L
DR R N o
L) T
D N ol
D N P
WY =] S
AN ERD AUTO DE

SELECT OME 15T-OKDEFK FUMCTION DMLY

Fi-| Fe=| FZ 3] FEx| Fa~ [F?
Tools|2oom|Trace|ReGr arh|Makh|Dr aw|Fen|ic
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CHAPTER 7: DIFFERENTIAL EQUATIONS AND SLOPE FIELDS 61

8. To see several members of the family of solutions :
corresponding to y(0)=-1, y(0)=0, andy(0)=1, e E=n.
enter a list of initial conditions in the Y= Editor. oyl -%
2nd [ @ 1 )00 1 (20 [)] [ENTER gyt v
Hle=
=
Uz iLa=
MAIM RAD AUTO OE
9. Press [¢] [GRAPH]. This graph gives more insight into [ S e S L R (18

the slope field. If you start at any initial point in the
slope field and move so that the line segments in the
field are tangent to your path, you will trace out a

B
"
"

ific solution to the differential equation. AT R

specific solution to the differential equatio RN
LEERNERY e P A
HMAlN ERD AUTO DE

Example 2: Window variables and initial conditions

Graph the solution to
y'=e 7, y(-3)=0

Solution

1. Inthe Y= Editor, enter the differential equation as yI'
using ¢ in place of x. Then enter the initial value of x
in ¢0 and the initial value of y in yi1.

“FLOTS
Lo=-3,

HMAlN EAD AUTO DE

2. Select a [-3,3] x [0,2] viewing window. Display the
Window Editor by pressing [¢] [WINDOW]. Enter the
values for the Window variables as shown.

®scl=1.
grin=a.
uma§:?.

HMAlN EAD AUTO DE

Fix | Fer ]
Tools|2aam|
w=min~ -3,
HMART 5.
wscl=1.
gmin=.
gmax=2<.
yscl=1.
noures=0,
iftol= 1

fldres

HMAlN EAD AUTO DE
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62 ADVANCED PLACEMENT CALCULUS WITH THE TI-89

The Window variables shown in these examples have the following functions:

Variable Function

tmin The initial x-coordinate. This is the point at which the TI-89 will begin calculating the
solution.

tmax The point at which the TI-89 will stop calculating and graphing the solution
(when the slope field is turned off)

tstep The horizontal spacing between the points calculated in the solution

tplot The point at which plotting begins (when slope field is turned off)

Xmin The left boundary of the viewing window

xmax The right boundary of the viewing window

xscl The spacing between the marks on the x-axis

ymin The bottom boundary of the viewing window

ymax The top boundary of the viewing window

yscl The spacing between the points on the y-axis

ncurves The number of specific curves drawn if no initial condition is specified

diftol Affects the speed and accuracy of the solution when the format solution setting of RK
is selected. (When Euler is selected, diftol is replaced with Estep.)

fldres Affects the size of the segments shown in the slope field

3. Press [¢] [GRAPH] to see the solution. M e N A e e

— — — 7 e ——

———— s F | pm—

4. Turn the slope field off by pressing Tools and
selecting 9:Format. Set Fields = 3:FLDOFF. [ S :

FiscTds ...

Enter=ZAYE

HMAlN EAD AUTO DE

5. Press [ENTER] to graph the solution. This graph is a M e N A e e
scaled version of a normal probability density
function. Probability density functions are used in ,/'
probability and statistics. /
MAIN FAD ALT DE
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CHAPTER 7: DIFFERENTIAL EQUATIONS AND SLOPE FIELDS 63

Example 3: Tabular solutions to differential equations

The differential equation that describes the decay of carbon-14 is

dy  In2
dt 5700

y()=1
where vy is the proportion of radioactive nuclei present in a dead organism to radioactive nuclei
present in the organism while it lived and ¢ is elapsed time in years since the organism died.

(a) Find the proportion of radioactive carbon-14 in a sample after 1000, 2000, 3000, 4000, and
5000 years.

(b) How old is a sample in which 20% of the carbon-14 nuclei have decayed?

Solution
1. Make sure Graph mode is set to DIFF EQUATIONS. [rEa7hEr 3! E?f]sffh i
+FLOTE
2. Inthe Y= Editor, enter the differential equation along O 2y
with the initial conditions. vl ;=_5?Eu:| ul
l=|1 [
y1’=-In(2)/5700%y1 Eig:
t0=0 Sil=1
yl 1:1 CHECK RHEZ AMD IMITIAL COMDITIONS
3. Inthe Window Editor, set tmax= 5000, tstep=10, and th;, She= ] |
xmin=0. All other values are the same as in %mfx
Example 2. +,§1§
HMin= D
HKMIE=
wscl= 1.
um1n=%.
1% 1L P o
Ib“iI’IIN 1=l FAD ALTO DOE
4. Press [¢] [TbiSet] and set the table parameters: R T FTIIT |
_ art: [
tblstart=0 wistant -
&t T T
Atbl:looo GFarh <=> Table: OFF *
Graph < Table = OFF IndeFendent:  AUTO#
Independent = AUTO
iJISE é‘ﬁ;l; * TO OFEW CHOICES
5. When you have these settings, press twice to
save them. Then press [¢] [TABLE] to see the table of
values for the solution to the differential equation.
Scroll down to see the value for t=5000. The y1
column shows the proportion of radioactive
carbon-14 after 1000, 2000, 3000, 4000, and 5000 .
MAIN FRD ALTO DOE

years.
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10.

You can see from the table that the answer to part (b)
is somewhere between 1000 and 2000 years. Press

[¢] [ThiSet] to display the TABLE SETUP dialog box and
start the table at 1000 years (tblstart) with 100-year
increments (Atbl).

Press [ENTER] twice to save the changes and see the
new table. Scroll down the table until the second
column is close to 0.80.

The answer is somewhere between 1800 and 1900
years.

Return to the TABLE SETUP dialog box and start at
1800 with 10-year increments. This method of
expanding the table in the area of interest is called
tabular zoom.

It appears the sample is about 1830 years old.

The tables in this example were calculated using a
solution method known as the Runge-Kutta (RK)
method. You can select either the Runge-Kutta
method or Euler’s solution method in the for GRAPH
FORMATS dialog box. The Runge-Kutta method is
generally more accurate but, Euler’s method is often
faster. Consult a calculus book to see the details
involved in these methods.

Change to Euler’s solution method by pressing [¢] [Y=]
Tools and selecting 9:Format. Set Solution Method =
EULER.

Press to save the Euler setting. Then press

(+] [TABLE] to see the table calculated with Euler’s
method. Notice the differences between this table
and the table generated with the RK method in step 8.

THELE SETUF )

Eb1SEart:
kbl

Grarh <-F Tabls: OFF #
Inderendent: AUTO *

Enter=3AYE

Lo,

100

EZC=CAMCEL

KAD AUTO DE

GRAFH FORMATE

(1520, [.o0i35
S0, |. o000
£40, |.7394

t=1go00,

DEG AUTO DE
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CHAPTER 7: DIFFERENTIAL EQUATIONS AND SLOPE FIELDS 65

Example 4: Higher-order differential equations

In this example, you will solve a second-order differential equation. Since the TI-89 only accepts
first-order differential equations, you will need to use a set of substitutions to solve higher-order
equations. These substitutions are:

yl'=y2
y1| ' — y2|
When you make these substitutions, you can enter the second-order differential equation in y2'=.

Solve

y'=-4y, y(0)=-3, y'(0)=0

Solution

First, graph the solution to the equation. Then use the deSolve( command to find an analytic

solution.
1. Inthe Y= Editor, use the substitutions described o] Zoam|Eat]| o [Ri|2here ...
above and enter the equations and initial conditions e h=n.
shown at the right. Deselect y2' by moving the ‘”31 i:'ﬂ_%
cursor to y2' line and pressing (F4] . 92;3-4 “ul
1 -
Il
qi3=
U3l iLi=
MAIM RAD AUTO DOE
2. In the Window Editor, enter the Window values as SR |
shown at the right. -
tstep=,
3. Press [F1] Tools, and select 9:Format, and make sure tplot=d.
Solution Method = RK and Fields = FLDOFF. xmax=g-
gmin='é.
anagre.
MAIN FAD ALTO DOE

4. Press [¢] [GRAPH] to graph the solution. W
TooTs|2eora| Tk ack|ReGrarh{takh|braw|Fen)lc

YAANSRYA
/N

MAIN FAD ALTO DOE
5.  Now enter the deSolve( command on the Home screen [rEd7 o E o oo Sl cr ] |
to find an analytic solution.
CATALOG] deSolve (Y [2nd] [/] ['1(=) [() 4Y [CATALOG] and
upene 3[CATALOG] and Y [2nd] [’] 0 =o)X B deSolusiy' ' = -4y and gl
E]Y ey r— Y = COSEE - K]

a=-3 and y'id oY
MAIN RAD ALTD [13 1730

The analytic solution isy = —-3cos(2x).
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66 ADVANCED PLACEMENT CALCULUS WITH THE TI-89

5. Use the DrawFunc command to compare the graph of
the analytic solution with the graph obtained in
differential equation graphing mode.

CATALOG) DrawFunc [()] 3 [cos] 2X [1] [ENTER

6. Press [¢] [GRAPH]. The graph of y = —3cos(2x) enters
the left part of the screen and continues over the
graph produced by the differential equation grapher.
This is evidence that you have the right solution.

Example 5: Modeling baseball trajectories

This example shows how to change the axes in differential equation graphing mode to model the

path of a projectile.

A baseball is hit when it is 3 feet above the ground. It leaves the bat with an initial velocity of 152

Fir] Fe~ [F3~| Fi~| FE Fa-
Tool5|AT13ckr alCalc|Okher |Frarml0|Clean Ur

mdeSolvely' ' = -4-g and ik
y= -"3-cosiZx])
B OrawFunc -3 -cos(2- =)

Dohe

DrawFunc -3#cos £
AN ERD AUTO DE Rl

Fir] Fer| FZ F4 FE~1 Far [F7-FB
T 015|200 TEACk|ReGErarh|MathDr aw|Fenfic

N
S

HMAIN KAD AUTO DE

ft/sec at an angle of 20° with the horizontal. How far will the ball travel?

Solution

The baseball moves both horizontally and vertically. Assume that the horizontal deceleration due
to air resistance is directly proportional to the horizontal velocity. The vertical acceleration due to
gravity is -32 ft/s’, and the vertical deceleration due to air resistance is proportional to the vertical

velocity. Assume a constant of proportionality for air resistance of -0.05. Make the following

substitutions in order to enter this problem on the TI-89:
horizontal distance = x = y1
initial horizontal distance = yil = 0
horizontal velocity = y1’=y2
initial horizontal velocity = yi2 = 152 cos(20°)
horizontal acceleration = y1”=y2"=-.05y2
vertical distance =y = y3
initial vertical distance = yi3 = 3
vertical velocity = y3'=y4
initial vertical velocity = yi4 = 1562sin(20°)
vertical acceleration =y4’=-32 -.05y4
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1.

2.

In the MODE dialog box, set Angle=DEGREE.

In the Y= Editor, enter the equations and initial
conditions.

Press Tools and select 9:Format. Set Solution Method =

RK. Press [ENTER].

Specify the x- and y- axes by pressing [F7] Axes. In
the AXES dialog box, set the following:

Axes=CUSTOM
X Axis=yl
yAXxis=y3

Press to save these settings. In the Window
Editor, set the Window variables to the following
values:

t0=0 xscl =50
tmax =5 ymin =-15
tstep =.1 ymax =100
tplot =0 yscl =10
xmin =0 ncurves =0
xmax =500 diftol =.001

Press [¢] [GRAPH] to graph the solution. The path
should resemble the trajectory of a baseball. Press
Trace to find the horizontal distance traveled by
the ball.

The ball travels about 422 feet.

il HODE K

Fi F& Fz
Fadg 1|Fads 2|Fads 2
ararh... . DIFF ERUATIONE
LTS
.. FLOAT 6%

Fretty Frink..

. C_EREeF=SAVE EZC=CAMCEL
TVFE OF USE €314 + [EWTER] OF [E5C]

Fi~] Fex|Fx |F4 |[FE- FB=| F7
TooTs|2oora|Edit] « AT {Stelc]Axes..

Fy2l=-L, 05 g2
yiZ=132 cosi 20
Ui =l

yii=

gi'eta=

MAIN DEGALTO DE

Fi=| F2=|F= [F4 [FE- FE=| F.
Taols[2oerafEdik] ~ |ATT|SE 12| Axes. ..

W gl
yiZ=132 - cos{ 20
5! =ud
gi3=3
vyd'=-32 — 05 g4
yid=152 - =ini 26
us =i

gD 'et=

MAIN DEGALTO DE

Fi~| F&=|F* |F4 |FEo F&=| F7
|Tcu:-1s ZooraEdit] " JATT Sk TefAxs. ..

~FLO"
B, RHES oy
o Axes: CUSTOM
W] R Axis vl
gl v s

-\/H:
yy SEnker=SAVE A e ESCSCAMCEL 2

uS' it =

USE + AMD + TO OFEM CHOICES

i-| Fe=| FZ 1] FE~] Fa~ [FF-FB
Taols|2oar|TEack|FeGrarh{rFath|braw|Fenic

CiI,
Fxc.=422.3?? doi 1. 2553
| FAIH TEG AUTD (3
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68 ADVANCED PLACEMENT CALCULUS WITH THE TI-89

Exercises
1. Graph the slope field for the differential equation

y = cos(x)
dx
2. Graph the solution for the differential equation
dy
— =cos(x
. ()
with initial condition y(0)=0. Graph the specific solution first with the slope field and then
without it.
3. Graph the slope field for the differential equation

dy _ sin(x)
dx x

4. Graph the solution for the differential equation
dy _ sin(x)
dx x
with initial condition y(-7)=-1. Graph the specific solution first with the slope field and then
without it.
Solve exercises 5 and 6 using tabular zoom.
5. How old is a sample in which 50% of the carbon-14 has decayed?
6. How old is a sample in which 80% of the carbon-14 has decayed?
Graph the solutions to the following higher-order differential equations (exercises 7 and 8) and

where possible find the analytic solution. Compare the graph of the analytic solution with the
graph made by the TI-89 in differential equation graphing mode.

7. y'=-98, y(0)=0, y'(0)=41
8. y'=1-2y-2y, y(0)=0, y'(0)=0

9. Find the horizontal distance traveled by a baseball hit when it is 3 feet above the ground.
The baseball leaves the bat with an initial velocity of 121 ft/sec at an angle of 36° with the
horizontal. Assume the air resistance constant is -0.05.

10. If there is a 10-foot fence 375 feet away in the outfield, is the ball in Exercise 9 a home run?
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