Making Piecewise FunctiorGontinuousandDifferentiable

by Dave Slomer

Piecewise-defined functions are applied in areas such as Computer Assisted Drawing
(CAD). Many piecewise functions in textbooks are neittwrtinuousnor
differentiable—the graph is likely to be “broken” (as in figure 1a) or “pointy” (as in
figure 3a). While this may sometimes be desirable, careful analysis can enable us to
slightly modify the function, making it become both continuousdifidrentiable, if

need be. To do so requires precemalytic definitions, not vague words such as
“broken” and “pointy”.

fiscontinuousatx = aif (and only if) lim f(x) = f(a). [This will happen if the left- and right-
X—a

hand limitsatx = a equal each other ardjualf(a). (See figures 2 {not continuous} and 3b {continuous}.)]

f is differentiableatx = a if (and only if) f'(a)exists [This means that the left- and right-hand
derivativesatx = a must exist and equal each other. (See figures 5c¢ {not differentiable} and 6e
{differentiable}.) Their common value will b&'(a) .]

A very important theorem about the relationship between continuity and differentiability
says,‘If fis differentiable atx = a, then it is continuous atx = a.” [ This can be shortened

to “Differentiability implies continuity ” or reworded as “Differentiability is a sufficient condition for
continuity” or “Continuity is a necessary condition for differentiability.” An important consequence of it
[called itscontrapositivg is, “If f is notcontinuous ax = a, thenf is notdifferentiable ak = a.”] Note that the
converse, “Iff is continuous at = a, thenf is differentiable ak = a” is not necessarily

true, as Example 1 will now convince you.

Example 1As figure 1a shows, the

. . . X+1if x<2
piecewise functiopy,(X) =0 . .
rsinx,if x=2
is not continuous at = 2. Making this {&\

function continuous is not so hard. Making
it differentiable isn’t much harder. We’ll do

. . WO gci, 9297
both, one at a time, continuity first. Fig. 1a|FR T =TT
To enlist your TI-89’s help, use théhen Fir) Fe= TFi=] P~ | FE Féi-

Taols|A13¢brajCalc|Other|Framid|Clgean Ur

command, whose basic syntax is
when(condition, function defintion for
that condition function defintion
elsewherg For the piecewise function in

this example, give the command shown in 1+x,04 2
figure 1b P9 "zinfui.elee t 9= Done

Lt 2, I, sinC adgl Ox,
Fig. 1b|MAIH RAD ALTO FLMC i/99

(Note that youdo not type the wordlsein thewhen command that defingd (x). The '89 displayelse
rather than displaying=2 [or making youtype it], which would be redundant since the first line already
saysx<2. A better word might have beetherwise or elsewhere but space is limited.)
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In figure 2, we see the analytieason for m lim glfx) andef
the discontinuity: the limit as approaches w2
2 does not exist, because the left- and right- |= 1im uli:x =in2)
hand limits are not equal, equaling 3 and HF2®
sin(2), respectively. The definition of " lim glCx) =
continuity, then, proves thgf is not ke -
continuous ax = 2. Fig. 2 LHAIN = =URAD AUTD — FUNE 6,99

To makeyl continuous ax = 2, we could raise the sine graph or lower the line. If we

decide to raise the sine, it would need to
right-hand limits differ by, 3-sin(2). To do

be raised by theaxacint that the left and
this, we modify the definitioyblia a

vertical shift, like sofy; (X) =

Dslnx+ (3-sin(2)), otherwise

if x<2 . . .
This modified function’s

graph is shown in figure 3a, while confirmation that the limit exists is shown in figure 3b.
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[Itis not necessary to look at left- and right-hand limits if “the” limit exists, though it might be reassuring!]

Exercise 1By applying a vertical shift to one piece or the other, make the function

[IZX 3if x>0

1

[pos(x) otherwise

yi(X) = become continuous &t= 0. Supply written analytic

(including symbolic) evidence that you succeeded. Don’'t worry about making it
differentiable. Is it differentiable at= 0? Why?

Example 2We suspecthat the modified function of A N mhw{mmmm" I]p| ]
)

Example 1 is not differentiable since it does not Ig
smooth at the point (2,3) in figure 3a. And, it is nat
differentiable ak = 2, as figure 4 shows. No shift i$
going to fix the lack of differentiability, since the Z.md 2
problem is one of slopethe left-hand derivative at {

x = 2 is the slope of the line, 2, while the right-hand

derivative is different, and equals cos(2).

ok .1_51n|::-=::|,915e- *ulixr  Done
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undef,elze »=lse

(Why?) | Fig. 4lHan—— “KAD ALTD FUNC z/99




If the' first ]ine in figure 5a,'the line .that IS tangent to SEE A S M I
the sine piece of the functionat 2 is made to be

the left piece of the function. Since (2,sin(2)) is a m gl
point on the curv@nvnhy? See figure 1band since the {E@r'n::-c::l, W2 b
right-hand derivative is cos(BVhy? See figure 4]we sin(E) + cos(2)(x - 2).els

[sm(2) +cos@)(x - 2)if x<2 (100 | % = 2 cos(2)

k X
make () = @InXIf X=2

Fig. SalHhH —_RAD AUTO FURE z/8g

Figure 5a shows thatl'(2) now exists, equaling
cos(2) All looks well, too, as shown in figure 5b.
How do you know thayl is also continuous at=
2?

Fig. 5b[FAIR RAD AUTO FUNC

[mx+b if x>0 D
Bsm(x) otherwsg

differentiable ak = 0. Let Example 1 guide you. Supply written analytic (including
symbolic) evidence that you succeeded. How would you convince someone that the
function is continuous at= 0?

Exercise 2Choosem andb to make the functiory, (x) =

[mx+b if x>2 D
[.qsln(x) othermsg

differentiable ak = 2. Supply written analytic (including symbolic) evidence that you
succeeded. Why do you not have to use limits to prove that the function is continkous at
= 2? (Review the definitions and theorem at the beginning of this activity.)

Exercise 3Choosem andb to make the functiory, (x) =

Example 2But what if neither piece was linear? What if the left piece were a sine and
2 .
the right a parabola? In particular, whatif(x) = D( x>0 D’P What might we
g;ln(x) otherwise

do if we wanted to makg differentiable ak = 0?

Fir| Fe= |FZ=| F4r | FE FE~+
Taols|A13¢brajCalc|Other|Framid|Clgean Ur

Defineyl as in figure 5a, observe that the
derivative does not exist at 0, and then
graph it (see figure 5b). .10k {:{2, w0

sinfxl,else
s iu10a) |2 =0 undef

LET2.sinErargl Cx
Fig. 5alMAlH RAD AUTO FLMC FFEE]




In figure 5b,y1 may lookdifferentiable
(smooth), but figure 5a shows that it's not
smooth enough.

Fig. 5b|HAIN RAD ALT FUHL

Figure 5c tells more precisely why the
derivative doesn't exist at= 0: the left-

. e
hand derivative is 1 while the right-hand " lim —ou10:)) 1
wH

. [r
B lim =yl )
hd ax

derivative is 0.

limitCddgloxn, =2, x, 0,
Fig. 5clHAIN RAD ALTO FLNC OPEE]

In figure 5d, zooming in just a little (with
the Axes OFF makes the function look
most definitely un-smooth at= 0.[it does

not mattemwhat it lookslike—figures 5a and 5c¢ say
it all—but a look at a graph in the right wind@an

be reassuring—a “second opinion” if you will]

#oi . ycifd.
Fig. 5dUSE £3T4 OF TVFE + [ESCI=CAMCEL

So, what do we do in order to let the left piece be a sine, the right a parabola, and make
the piecewise function differentiablexat 0? As with continuity, we modify one piece—
we arbitrarily choose the sinddfore proceeding presg2nd][F6] to Clear variables a-z)

It's not Clear Whether mOVIn‘g_and |TE%;sll’l'lﬂl‘-tzgr'-:llI:F-:I?:I‘n\.:lﬂ{I'I:I;r'lF‘r'I;i'llﬂll:'lthEn'UPl |

distorting the sine horizontally and
vertically will be necessary, but, just in
case, in figure 6a, we define the left half pf

y1 to be the general sine function, leaving .{E—f?ﬂlid +xoc)hb+a,xdd, "
the parabola alone. (Surely it would not be ®T.else 0
. ane
necessary to modify bagh Lintdtekc ikbtba, 21 egl (0
Fig_ 6alHAlN FAD AUTO FUHC 1./89 ||
Fir Fer |FZ=| Flr FE Far
. L Tools|A13cbra|Cale|Other|Framin|clcan Uk
In figure 6b, we compute the “continuity” m 1im gl(s ardet
limits. We see that, to have a chance at w00
continuity,a+b sin(d) must equad B olim gl o
(Why?). (And why “have a chance”?) A+0*
B olim gl athb-=inid)
dt

limitoglixn, =,

L, -1
Fig. 6bLHAIN RAD ALTO

FUHC 4,00




In figure 6¢, we compute the left- and
right-hand derivativeand see that, for
differentiability,b € cos(d)must beD.
(Why?) Sincéb andc may notbe 0

(Why?),cos(d)must be zero. This happens,

among other places, d+1v2. (Why there?
Name another place or two.)

Fig. 6¢
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In figure 6d, we stor&/2 intod and revisit
the “continuity” limits of figure 6b. We se¢
thata+b must equa0 to get continuity
(Why? And where digin(d) go?) This does not
tell us what either should be, but it ddel
us that anyhnonzero value db will make
y1 continuous ax = Oif a = -b. (Why?)

A1

Fig. 6d
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In figure 6e, we decide, arbitrarily, to stor
1 intob and, hence, -1 inta, and revisit
the “differentiability” limits of figure 6c.
What a nice surprise! No matter wiltas,
we’ll have differentiability! (Why?)You

might want to try a different value bfand see if
the same thing happens. Must it? Why?]
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limitddiglCxn, =, =, 0,
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Fig. 6e

In figure 6f, we arbitrarily make = 1and
note that the function is now both
differentiable and continuous. (Why is it
not necessary to compute the “continuity
limit? Why do we not need to find the left
and right-hand derivatives?)
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In figure 69, a look at a simplified version
of the sine piece shows something
interesting: Where did the sine go? We
store this simplified version intgl [not that
we mustland look at the graph in figure 6h

Fig. 6g
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In figure 6h, a graph of this new function
does seem to show smoothness at (0,0), But
no matter what it lookBke, it is the
derivative in figure 6f that makes it
differentiable (and therefore continuous—
Why?).

Wi . g i,
Fig. 6h|UZE £+ T4 OF TYFE + [ESCISCANCEL
: : O-x, if x<0] : : :
Exercise 3is the functiony, (x) = E}X i x>0 differentiable ak = 0? Explain, using a

graph of its derivative as part of your argumeny; ldiscontinuous at ary? Is its
derivative? Why?

Ox—-2 .
=, if xX#£2 | , )
Exercise 4The functiony, (x) = Ox® -4 is neither continuous nor

B, otherwise

differentiable ak =+ 2. Why? Try to make it continuous and differentiable fox &l
leaving the top line of the definition intact while changing the “otherwise” part. Did you
succeed with either attempt? If you can’t make it differentiable fot ain you add a

third line to at least make it continuous ford@lExplain.

Presg2nd][F6] to Clear variables a-z

. . £sin(x), if x<0 _
Exercise 5Find values fob andd so thaty, (X) = | will be

In(x+d) otherwise
differentiable ak = 0. Why do you suppose the vertical shaft\as omitted instead of
the horizontal? Do you think it matters whether the horizontal distot)aa ¢mitted in

favor of the verticallf) or whetherc is included whilé is omitted? Explore.

Presg2nd][F6] to Clear variables a-z

Exercise 6Piece together an exponential function and a square root funckentaso
that the resulting function will be defineahd differentiable (and therefore continuous)
for all x.

Calculus Generic Scope and Sequence Topics: Limits and Continuity, Derivatives
NCTM Standards: Number and operations, Algebra, Geometry, Measurement, Problem solving,
Connections, Communication, Representation



