Implicit Differentiation on the TI1-89

by Dave Slomer

We doimplicit differentiationwhen we are given amplicit relationin x andy, such as
x* +y? =9. We usually assume that the independent varialXans that each other
variable (usually only) is a function of the independent variable. We then apply the
Chain Rule to the process of finding the derivative of both sides of the equation with
respect to the independent variable, followed by some algebra to sotiyédfo(refer to
figure 1). In “related rates” application problems, we often assume thatri@bles are
functions oftime, a variable not even necessarily present in the given equation.

If the equation is no more complex thah+ y? = | iSis not difficult to find%’ or %’
X

by hand (once sufficient skill in implicit differentiation has been acquired). But there are
those implicit relations for which it would be nice to be able to get a second opinion, if
not the answer, from technology [e.g., see the second example in figure 6].

It is possible to do implicit differentiation on the TI-89 using what might be called “The
I mplicit DifferentiationFormula” (DF for short):

0
If F(x,y)=0 defines a differentiable relation of x and vy, theg-lX = —a—l):(.
X
oy

Each “humpbacked’ (9) signifiespartial derivative an advanced calculus concept. In

short, the partial derivativ%E (for example) means to take the derivativé ofith
X

respect tex, with all other variables being “held constant”. Meanwh%gt, is the partial
y

derivative offF with respect tgy, found by holding the other variable(s) constant. It's a
long story. But, on the TI-89, there_is no differebetween the derivative operatn,
{which is 2nd)(8]}, ando. So, to calculat@F/ox or dF/0x, calculatedF/dxor dF/dx

Most implicit relations, such as is defined by the equakor y*> = , ar@ nobf the
required formF(x,y) = 0. But it's always easy to “solve for 0” (that is, to isolate 0—"get
everything on one side”). Subtracting 9 from both sides giWesy? -9= , which is

in the right form, whereF (x,y) = x* + y* = 90nce you have this, you can fidg/dx
either by hand or by '89.



By hand, the process of findimty/dx implicitly for x* + y> =9 =0 looks like this:

x*+y?-9=0
2x+2y _0=0
dx
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On the TI-89, if you firsDefine f(x,y)=(...the given implicit relation, “solved for 0”...)

and then give the command(f(x,y),x)/d(f(x,y),y), the IDF ” would shorten the process

considerably, as shown in figure 2.
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It's not pleasant or easy to type all that correctly, but improvements are available.

Improvement #1If you can live with always defininffx,y) to be the relation for which
you wantdy/dx, then defining théDF via the command in figure 3 will streamline the
process.
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The command iBefine idf( )=-d(f(x,y),x)/d(f(x,y),y). Give that command onc&o use
it, define an implicit functiori(x,y) and give the commaridf( ), as shown in figure 4.
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Then define a neWi{x,y) and give the commaridf( ) again. Better; can be better still.

Improvement #2if you can live with the requirement of double quotes around the
functionF(x,y), giving the comman@®efine idf(f) = - d(expr(f),x)/d(expr(f),y)
streamlines the process even further, as shown in figure 5.
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[Please note that, in order to make Erefine ... command fit onto the screen, the function was narifed “
not “idf”. Of course, you can name the function anything you want, includingt two or more letters is
recommended.]

Findingdy/dx for x* + y> -9 =0 and for another randomly-created horrible mess

[ X2 +sin(By) = In(xy) ] would then look like the screen in figure 6, assuming that the
name of the function islf.
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Note the double quotes around e&¢hy). A little nuisance but the best yet.

Final ImprovementType in the short program in figure 7. Namalit To run it, give the
home screen commaimdf( ) and type in thé&(x,y) (without double quotgdor which
you needly/dx(see figs. 8 and 9).
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Now for a problem that would be much harder (if not impossible) to do on the TI-89...

Example:A 10-foot ladder is leaning against a wall. A bug is on the top of the ladder,
right up against the wall. If you pull the base of the ladder away from the wall at 1 ft/sec,
how fast is the bug descending when the bottom of the ladder is 4 feet from the wall?



The following sketch applies:
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X
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We are given thaﬂ—t =1 éecand need to fln% whenx = 4. Using the Pythagorean

Theorem and differentiating with respect wives:

x? +y? =10
2Xd_X+ 2yd_y:
dt dt
2yd_y_ 2Xd_x
dt dt
dx dx
- 2X X
dy _ dt _ _ ~ dt
dt 2y y

At the instant at whick = 4,16+ y? =1000 y? =840 y=+/84, so at the given instant,

dy_ —ﬂ, which is approximately .44 feet per second downward.

dt /84

However and whenever you decide to use itJEi#e is just a tool. Be sure to compute
“reasonable” implicit derivatives by hand, to get a complete understanding of the process.
After all, you musdo it “by hand” to find derivatives of implicit relations with respect to
“third” variables, such as time, as shown in the example.

ExercisesComputedy/dxfor each relation below. Do the first and at least one more by
hand. Check it via thiglf function you defined earlier.

xy=1

x> -6x+y>=0

xeV =1

sin(x+ y) = y? + cosx

Further ExercisesFind all points where each implicit function above has a horizontal
tangent. (Hint: Sedy/dx= 0 and solve for one of the variables. Substitute the result into



the given equation so you can then solve for the remaining variable, possibly exactly,
possibly approximately.)

Even Further Exercises$:ind software that will draw implicit relations (e.g., Derive ™)
and see if your answers to the “Further Exercises” look right.
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