2002 TI Cup Mathematics Contest 
(Grade 11, High School)

Script for Individuals

(9:00AM ~ 10:30AM, morning May 19, 2002)

I. 
Fill in the blanks: (total 60 points for 8 questions, with 6 points for each of the former 4 ones and 9 points for each of the later 4 ones)


1.
In mathematics, e (=2.718281828 … )  and π (=3.1415926535 …) are 2 critical constants, please compare the following 2 pairs of numbers (fill in with “>”, or “=”, or “<”):
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2.
In △ABC, AC =2cm, and AB =2.5cm, so the maximum possible value of ∠B is 　　　　 (in degree).
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3.
Normally the parabola part of equation 
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 indicates the track of human or animal’s jump, in which 
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 (0°<
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<90°) is the starting angle at the starting point O, v is the initial jumping speed (unit: m/s), and both x and y are in the unit of m. If a frog jumps with the starting angle 
[image: image8.wmf]q

=30° and the initial jumping speed v = 4.5m/s, it can jump as high as 　　　　　m (rounded to 0.01m).
4.
As shown in the figure, draw a circum-circle for a regular hexagon, and a circumscribe hexagon for the circle. Repeat the foresaid operation. If the side length of 1st hexagon is 1cm, there shall be no less than         consecutive operations to make the last hexagon bigger than 1km2.

5.
In the rectangular coordinate plane, there’re 6 points: A(2.412,－1.356), B (4.258,1.811), C (-3.254,7.256), D (-6.343,2.678), E (7.254, 5.324), and F(-2.814,-4.332), so the coordinate of point P that makes 
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 minimum is 　　　　　　　　.

6. 
A, B, and C, the 3 radar stations all with the height above sea level of 100m are right located at the 3 apexes of a regular triangle with the side length of 1000m. At a certain moment, the 3 radar stations detects simultaneously the distances to a target M are MA=2000m, MB=2000m, and MC = 1500m, so this target is located at where with the height above sea level of 
           m (rounded to 1m).

7.
Given that AB is the chord passing the right focus F of hyperbola 
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axis-x. M is the right apex of the hyperbola, if ∠BMA=
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, the scope of value for 
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 in radian is  　　　　　　　　　　　　 (rounded to 10-4).
8.
By the figure that the function y = sinx + 1 meets the function y = x, we know the equation x=sinx+1 has a root in the segment 
[image: image14.wmf])
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. In order to figure out the approximate root (rounded to 10-5) of x=sinx+1, apply the iterative method as follows: define xn=sinxn-1+1(n=1, 2, 3…), and the initial value xo=2, so x1=sin2+1=1.909297427, x2=sin1.909297427＋1=1.94325347…, and until |xn-xn-1|<10-6, we take x=xn as the approximate root of the equation. So, the approximate root (rounded to 10-5) for the foresaid equation is            .
Please give the necessary steps in your solutions to the following 3 problems:

II. 
(20 points )

Given that the function f (x)=10+10sinxcosx - 20cos2x, if the equation f (x) = m (m is an integer) has 2 different real roots within [0, π], please find the value of m.
III. 
(20 points )

1) Write down a 10-digit square of an integer beginning with 2002 (and tell the square root of it).

[image: image81.emf]2) To a 6-digit number beginning with 2002, can we always attach 4 digits to it to make a 10-digit number that is the square of an integer? And prove your conclusion.

IV.
 (20 points )

The area of ellipse 
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 can be figured out with the formula
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. If F is the right focus of ellipse 
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, and the area of circle with the center O and the radius OF is the same as that of the foresaid ellipse, A is where the circle meets the ellipse in the 1st quadrant, ∠XOA=
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 (
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 is an acute angle), please find the value of 
[image: image20.wmf]q

 (in angle degree).
2002 TI Cup Mathematics Contest 
(Grade 11, High School)

Script for Teams

 (11:00AM ~ 11:30AM, morning May 19, 2002)

To solve the problems on this script, please give the necessary steps in your solutions or your operation steps using the calculators.
I.
 (20 points )

If
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, where 0<m<90, please find the value of m.
II. 
(20 points )

If x, y, and z are all the positive integers, and 35x+27y ≤100, please find the maximum possible value of xy.
III. 
(20 points )

[image: image82.png]


As shown in the figure, 3 towns A, B, and C are located at the 3 apexes of a rectangular triangle. Meanwhile, ∠C=90°, CA=3km, and CB = 4km. It’s required to find the point P that makes the sum of 3 segments of road PA, PB, and PC is as shorter as possible. Therefore, establish the rectangular coordinate with point C as the origin, CA as axis-x, and CB as axis-y (unit: km). Please find the coordinate of point P and the shortest length of PA+PB+PC (rounded to 0.001km).

2004 TI Cup Mathematics Contest 
(Grade 11, High School)

Script for Individuals

(9:00AM ~ 10:30AM, morning May 23, 2004)

I.
 Fill in the blanks: (total 60 points for 8 questions, with 6 points for each of the former 4 ones and 9 points for each of the later 4 ones)


1. 
One of the positive roots for the equation 
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 is              (rounded to 0.0001), in which 
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 is the ratio of the circumference of a circle, and e = 2.71828…, the base of natural logarithm.
2. 
The farmers in a village have improved the living standard popularly since the reform and open-up. According to the survey, about 77%, 80%, and 91% of all farmer families in the village have washing machines, refrigerators, color televisions respectively; 58%, 70%, and 72% of all farmer families in the village have both refrigerators and washing machines, both color televisions and washing machines, as well as color televisions and refrigerators respectively; and only 1% of all farmer families in the village have neither refrigerators, nor washing machines, nor color televisions, so         % of all farmer families in the villages have refrigerators, color televisions, and washing machines at the same time.
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3.
In around 240 B.C., Eratosthenes, the ancient Greek mathematician lived in Alexander. By measurement, the sunshine in the midday of the Summer Solstice offset 7.2° from the vertical line. He also knew that in Siena, a city 800km southward away from Alexander, the sunshine in the midday of the Summer Solstice was right above head, and based on foresaid he figured out the circumstance and radius of earth’s longitude. So, the circumstance of earth’s longitude is               km, and the radius is               km (rounded to 1km).
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4.
When α is given to different positive numbers, the power function 
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 presents a family of beautiful curves in the interval of [0,1], as shown in the figure. Connecting point A(1,0) and point B(0,1), the line segment AB is just trisected by the curves of power functions 
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, namely BM=MN=NA, so α+β=           , and α·β=　　　　

(rounded to 0.001).
5.
The minimum positive integer n that satisfies 9n + 10n < 11n is ​               .

6.
If convert sin (20042004)° into sinα (-90°<α≤90°), α=_______________________
7.
Given that 
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, so the minimum value of the maximum one of these 3 numbers is               .

[image: image85.emf]8.
As shown in the figure, 3 types of square brackets are applied to build up the tunnel with the parabola-shaped intersection. If the parabola equation is y = -x2 + c, and the side length of square ABCD is 5 times of that of square EFGH, the side length of square MNPQ shall be　 　　　　　　　　.

Please give the necessary steps in your solutions to the following 3 problems:

[image: image86.emf]II. 
(20 points)

If chord AB divides circle O into 2 segments of which the bigger one is as triple bigger as the smaller, please find the value of ∠AOB, the central angle for chord AB (rounded to 1’ or 0.001 radian).

III. 
(20 points)

If place the consecutive integers 1 to 2004 on a circle in random sequence, and the even-and-odd check for any group of 3 neighboring numbers shows total of 600 groups have 3 odd numbers, and 500 groups have just 2 odd numbers, the question is: how many groups have only 1 odd number? And how many groups have no odd number?

IV 
(20 points)

Set
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1) 
If
[image: image29.wmf]Æ

¹

B

A

I

, please find the scope of value for real number t;

2)
If point
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, and the boundaries of plane areas presented by sets A and B meet at point M and N, please find the minimum value of
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2004 TI Cup Mathematics Contest 
(Grade11, High School)

Script for Teams
(11:00AM ~ 11:30AM, morning May 23, 2004)

To solve the problems on this script, please give the necessary steps in your solutions or your operation steps using the calculators.
I. 
(20 points)

If f(x) = (x-1)(x-2) … (x-2004), the question is: how many real numbers x that makes 
[image: image32.wmf]?
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II. 
(20 points)

If set M = {12, 22, … 10002}, the question is: can set M be divided into 2 non-void subsets A and B that satisfy the follows at the same time

1) 
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;
2)  The sum of elements in set A is the same as that of set B ?
If yes, tell and prove the division details; if no, tell why.
III. 
(20 points)

[image: image87.emf]As shown in the figure, 2 rectangular metal components ABCD and ECFG are mounted on the rectangular coordinate plane. Cut the components with the laser sent from the origin O, and if the 2 metal components (both above l) cut from the 2 rectangles by laser l have the same area, please find the line equation for laser l.
2005 TI Cup Mathematics Contest 
(Grade 11, High School)

Script for Individuals

(9:00AM ~ 10:30AM, morning May 28, 2005)

I. 
Fill in the blanks: (total 60 points for 8 questions, with 6 points for each of the former 4 ones and 9 points for each of the later 4 ones)

1. 
Calculate：
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                 (rounded to 0.0001).


2. 
The astronomy normally defines a day as a mean solar day that is composed of 24 mean solar hours. A mean solar hour has 60 mean solar minutes that is composed of 60 mean solar seconds consequently. In the astronomy, the following formula is used to convert a tropical year into S mean solar days: S = 365.2421988 - 0.0000000614 (t-1900) (unit: mean solar day), in which t is an A.D. year. With this formula we can have the tropical year of 2005 =           mean solar days          mean solar hours           mean solar minutes            mean solar seconds (rounded to 1 second).

3. 
Comparison: 
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4. 
Given that 
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 is a arithmetic progression sequence with the 1st term of 1 and the common difference of 2, if the sum of k (k≥2) consecutive terms is 2005, the value of k shall be              .

5. 
China has made efforts to control the over-expected population growth effectively over the last 30 years, and witnessed the population of 13Bn on Jan 6th 2005. According to statistics, in the end of 1969 there were 806.71Mn people in China, and 908.59Mn by the end of 1974, so the annual growth rate of population in China was                  in average over the foresaid 5 years; assumed with the calculated growth rate from the end of 1974 to the end of 2004, the Chinese population shall be                (rounded to 1Mn) outnumbering 13Bn.

6. Given that
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7. If a 3-digit number 
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 satisfies
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8. 
Fill the numbers 1 to 10 into 10 blanks of TI-shaped graph, and make the sums of a transverse group (with 3 numbers) and 2 perpendicular groups (with 4 numbers each) are the same, so the 3-digit or 4-digit number made up by the 3 numbers of the transverse group in T-shaped part shall have the maximum value of             ; and minimum value of             .

Please give the necessary steps in your solutions to the following 3 problems:

II.
 (20 points)

Given that the 1st term of sequence
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, please find the minimum positive integer n that satisfies
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[image: image89.emf]III.  (20 points)

In the given figure, the line l passes point A(0,4), intersects with the curve of function 
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 at point C, and crosses axis-x at point B, if AC:CB=2:3, please find the latitudinal coordinate of point B (rounded to 0.01).

IV.
 (20 points)

[image: image90.emf]In the given figure, ABCD is a square with the side length of 1. If points E, F, G, and H are on the sides of AB, BC, CD, and DA respectively, and AE = BF = CG = DH =
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, which forms the quadrilateral PQRS. Herein 
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 is a constant angle and 0°<
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<145°.

1)  What type of quadrilateral is PQRS? Try to prove your conclusion;

2)  Let PQ = y, try to describe y as a function in terms of x;

3)  Is there an angle
[image: image49.wmf]q

 that makes
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 a constant value irrelevant to x? If there is, please find the value of
[image: image51.wmf]q

; if there isn’t, please tell why.
2005 TI Cup Mathematics Contest 
(Grade 11, High School)

Script for Teams

(11:00AM ~ 11:30AM, morning May 28, 2005)

To solve the problems on this script, please give the necessary steps in your solutions or your operation steps using the calculators.
I. 
(20 points)
Given that a > 0, b > 0, and a3+ b3 = 2, please find the range of value of a + b.

II. 
(20 points)
[image: image91.emf]In the given figure, assume the sides OA and OB of ∠AOB are the plane mirrors, ∠AOB = 40°, as well as a point P is on side OA and OP = 10cm, a beam of light originates from point P to point Q on side OB, and then reflects to meet side OA at point R, if the secondary reflecting beam RT is parallel to side OB.

Please find the value of ∠APQ and the length of OR (rounded to 0.01).
[image: image92.emf]III. 
(20 points)
In the given figure, the ellipse 
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 and intersects with the ellipse at points A and B, please find the scope of value for ∠AOB.
2006 TI Cup Mathematics Contest 
(Grade 11, Senior High School)

Script for Individuals
(9:00AM ~ 10:30AM, morning May 21, 2006)

I.  Fill in the blanks: (total 60 points for 8 questions, with 6 points for each of the former 4 ones and 9 points for each of the later 4 ones)

[image: image93.emf]1.
As shown in the figure, AB is the diameter of unit circle O, draw over point B a tangent CB to the circle O, and draw OE that makes ∠EOB = 30° and intersects with CB at point E; draw ED = 3OB from E, and connect AD, so the length of AD is ____________________ (rounded to 0.0001).

2.
The astronomy defines a sidereal year E = 365.256 days, and a sidereal month T = 27.322 days in that the moon moves around the earth for a circle. When the moon is moving around the earth, we see it change from full moon, through half moon, falcate moon, new moon, …, and back to full moon, forming a period of lunation described with S. If E, T, and S satisfy the convergent movement equation
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E

S

1

1

1

=

+

, consequently S =_________ days (rounded to 0.001 day).
3. 
There’s an interesting formula used to figure out “day of a week” according to the year, month, and day of a date:
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The output is the remainder of foresaid divided by 7. In the formula c stands for the first 2 digits of year (namely the century number), y stands for the last 2 digits of year, d is the date, and m represents the number corresponding to the month, as in the table below:
	Month
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12

	Corresponding value of m
	11
	12
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10


In the formula [x] stands for the maximum positive integer no bigger than x, so June 18, 2008 is the ____________ day of a week.
4. 
The real numbers x, y, and z (x ≠ y) satisfy
[image: image56.wmf](

)

(

)

(

)

0

5

5

=

-

+

-

+

-

x

z

y

z

y

x

, so 
[image: image57.wmf](

)

(

)

(

)

=

-

-

-

2

y

x

x

z

z

y

       .
5. 
If
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, the scope for value of real number a is                      .
6. 
If a square is inscribed to the figure bounded by the curve of y = sinx (0 ≤ x ≤ 
[image: image59.wmf]p

) and axis-x, the side length of this square shall be          (rounded to 10-9).
7. 
On Dec15, 2005, Professor Curtis Cooper and Professor Steven Boone of Central Missouri State University found the 43rd Mersenne prime number 230402457-1, therefore, this prime number is of             digits; and the last 2 digits of the prime number are               .
8. 
If the cube of a positive integer begins with 200 and ends with 6, the minimum one of such integer is            .

Please give the necessary steps in your solutions to the following 3 problems:

II.  (20 points)

1) 
Graph the function of
[image: image60.wmf]1
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;
2) 
If the equation 
[image: image61.wmf]a
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with respect to x has 4 real roots, please find the set of value for real number a.
III. 
(20 points)

If the general term of sequence
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IV.
 (20 points)

Given that n is a positive integer bigger than 1, if there is a positive integer i (i < n) that makes 
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 the square of an integer, define n as “TI number”. For example, by (12+22+…+92) – (102+112) = 82, we know 11 is a “TI number”. The question is: are 46, 36, 26 “TI numbers”? Why?
2006 TI Cup Mathematics Contest 
(Grade 11, High School)

Script for Teams
(11:00AM ~ 11:30AM, morning May 21, 2006)

To solve the problems on this script, please give the necessary steps in your solutions or your operation steps using the calculators.
I. 
(20 points)

For a positive integer n, define f(n) the sum of all digits of the value of n2.
1) Please find f (2006);
2) If f(n) ≥ 30, please find the minimum value of n.
II. 
(20 points)

If the 4 real numbers a, b, c, and d satisfy:
1) a ≥ b ≥ c ≥ d;
2) a + b + c + d = 9;
3) a2 + b2 + c2 + d2 = 21.
Please prove:
1) a + b ≥ 5;

2) ab – cd ≥ 2.
III. (20 points)

How many real roots does the equation
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Name ___________________ School ____________________Grade____________________
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	I
	II
	III
	IV
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	Reviewed by
	
	
	
	
	


I. Fill in the blanks: (total 60 points for 8 questions, with 6 points for each of the former 4 ones and 9 points for each of the later 4 ones)

1. The value of continued fraction 
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 is          (rounded to 10-9).
2. Calculate: 
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              (rounded to 0.001)

3. In accordance with Kepler's third law that the square of revolution period of a planet in solar system is proportional to the cube of its average distance to the sun. Assuming the average distance from the earth to the sun is a1=1 astronomical unit, given that the earth’s revolution period around the sun T1=365.23days, and the average distance from Mars to the sun is a2=1.524 astronomical units, so the Mars’ revolution period T2=        days (rounded to 0.01 day), or        years (rounded to 0.001 year)

4. There’re         (how many) positive integers  n  that make 
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 a perfect square.

5. Line y = x intersects with y = cotx at point A and B within the intervals (-π, 0) and (0, π), so the length of segment AB is          (rounded to 0.01).

6. Evaluate: (
[image: image71.wmf]3

+ tan1º)(
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+ tan2º)…(
[image: image73.wmf]3

+ tan29º) =               .

7. Maximally         (how many) balls with the radius of 1 can be contained in an enclosed cylinder with the bottom diameter of 4 and the height of 18.

8. If the solution set of inequality system 
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is non-empty, the maximum value of positive integer n is                 .

Please give the necessary steps in your solutions to the following 3 problems:

II. (20 points) Find positive integer n that makes 

[log31] + [log32] + [log33] + [log34] +… [log3n] = 2007, 

where [x] stands for the maximum integer no bigger than x.

III. (20 points) As shown in the figure, square ABCD is inscribed to an ellipse, the vertices E, F, and I of the squares EFGH and IJHK are on the ellipse, the vertices K, H, G on side AB, and the vertex J on side HE. Given that the ratio of the area of square ABCD to that of EFGH is 4:1,  find the area ratio of square LJHK to square EFGH (rounded to 0.001).

[image: image94.emf]
IV. (20 points) We know 
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 can be reduced to 
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 normally, but we can also get 
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 using the following method: 
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. Please find all the proper fractions with the foresaid “strange” characteristic, of which the numerators and the dominators are 2-digit decimal integers, and the ones place of numerator is the same as the tens place of denominators.
2007 TI Cup Mathematics Contest 
(Grade 11, Senior High School)

Script for Teams
(11:00AM ~ 11:30AM, May 20, 2007)
Name ___________________ School ____________________Grade____________________

To solve the problems on this script, please give the necessary steps in your solutions or your operation steps using the calculators.
I. 
(20 points) Solve the mixed system.
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,  
where e ≈ 2.71828,  π ≈ 3.14159.
II. (20 points) List all the decimal positive integers n satisfying the following condition: 
aa = n ,   where  n  has  a  digits.
III. (20 points) The numbers 1, 2, 3…, 2007 can be permuted randomly into 2007! different sequences. Are there 4 sequences:

a1, a2, ..., a2007 ;  b1, b2, ..., b2007 ;  c1, c2, ..., c2007 ;  d1, d2, ..., d2007
that make a1b1 + a2b2 + …+a2007b2007 =2(c1d1 + c2d2 + …+c2007d2007)  ?

Prove your conclusion.
 A  Alexander


 B  Siena
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