Monday Night Calculus
Rectilinear Motion

Exercises

1. Two objects oscillate along a vertical axis, starting atdhme initial positiory = 5 at time

t = 0. The position of Object A at timg, ¢ > 0, is given byy, (t) = 5e™* cost, and the

" : . . 5sint
position of Object B at time, ¢ > 0, is given byy, () = —

(a) Find the first time, > 0 at which Object A has position 0. What is Object A's velocity,
speed, and acceleration at that time?

Consider a graph of Object A's position.
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fl (x)={5- g% cos(x),xzo solve(ﬂ(r)=0,r)
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y1(t) =5¢"cost =0 = cost =0 = t:5

v1(t) = 5[—e~ " cost + e " (—sint)] Product Rule
= —5e~’(cost + sint) Simplify

a,(t) = —5[—e~*(cost + sint) + e~*(—sint + cost)] Product Rule
= —5e~![—cost — sint — sint + cost] Factor
= —5e~*(—=2sint) = 10e™" sint Simplify

Velocity of Object A at time, = %:

V1 (%) = 50 7/2 [cos(%) + sin(%)] — —Se_”/z(o 1) = _ 50 7/2

Speed of Object A at timg, = %;
()= s =50

Acceleration of Object A at timg, = g:

a (z) = 10e™™/?
2
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(b) Find the first time;, > 0 at which Object B has position 0. What is Object B’s velocity,
speed, and acceleration at that time?

Consider a graph of Object B’s position.
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ya(t) = =0 = sint=0 = t=m
[t -cost —sint - 1 t cost — sint _ o
V() =5 > =5 — Quotient Rule; simplify
t2(1 - cost + t(—sint) — cost) — 2t(t cost — sint _
a(t) =5 ( ( ) - ) ( )] Quotient Rule
[t2cost — t3sint —t? cost — 2t% cost + 2t sint o
=5 Distribute
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=5 Cancelr



Velocity of Object B at time, = x:
B3 cos:r—sinn] B 5[—71—0] 5

V() =5

2

Speed of Object B at timg = 7:

5 5
o) = | -2 | = 2
T T

Acceleration of Object B at timg, = 7:

—m?sinm — 27 cosm + 2sinn] _s [—271(—1)] _ 10

3

a(m) =5 |:

5. cos(r) B 5. sin(r) .0 . 2&) .
{ t ‘,2 ! {(:—3_%) sin(r)— 10 r2 ({) >0
v2(:1:) =5




(c) Find the position of Object B at timg (the time found in part (a)). Are Objects A and B
getting closer or are they getting farther apart at this frdestify your answer.

Object B, timer, = %:

2

Z cosZ —sinZ —1 20
v (5)=5| 122 |=5| 5 |=-5 =202
2 (l) z T

2

Vs (n) _ 58i2(/7;/2) _ 10

Therefore, Object B is at a position above 0 and moving dowdwa

Object A at timer = g:

y1 (g) =0 and v, (%) = —5¢7"/2 = —1.039%4

Therefore, Object A is at position 0 and is also moving dowrlyaut more slowly that
Object B. So, the two objects are getting closer togethemets, = %

11.111.12 1,13 U eCr - Fy rao [l X 1.12 1.13[1.14 R eETTR: 2

. 1) = -1 -1.0394
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(d) Find the position of Object A at timg (the time found in part (b)). Are Objects A and B
getting closer or are they getting farther apart at this frdestify your answer.

Object A, timer, = n:

yi(wr) = 5¢e " cosnr = —5¢ "

v1(m) = —5e " (cosm + sinw) = 5¢" = 0.216

Therefore Object A is located at a position below 0 and is mgwpward.

Object B attimey, = «:

7T COST — Sinm - 5
y2(m) =0 and vy () = 5|: 5 ] =5 [—2] =——=-1.592
T T

Therefore Object B is at position 0 and moving downward.
So, the two objects are getting closer together at time 7.

= -1.59155

e 0.21607 i




(e) Over the time intervad < ¢ < &, find the average velocity of Object A and Object B.
Average velocity of Object A ovdp, =]:

nm =3O =5 =5 5 a0

7 —0 T T

Average velocity of Object B ovdf, r]:

— (0 0-5 5
y2(m) = y2(0) _ =2 —_159
T—0 T T
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(f) Which object traveled the greater total distance over the interval0 < ¢ < 27? Show
the computations that lead to your answer.

Total distance traveled by Object A oéx 27 ]:
2
/ |vi(t)| dt = 5.690
0
Total distance traveled by Object B o\jer2x]:
2w
/ |va(t)| dt = 7.172
0

Therefore Object B traveled the greater distance ver].
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2m 5.68982
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2'm 7.17234
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(g) Find tim (y1(2) — y2(2)) or explain why the limit does not exist.

Considert limy;(¢): Use the Squeeze Theorem.

t

—e T <elcost <e!

forallz >0

lim —e?=0 and lime?* =0

t—>00 t—>00

Therefore lime ™ cost =0 and lim5e™" cost = tlim y1(t) =0
—0Q

t—00 [—00
Similarly:
1 sint 1
—_—,—_—,<— < =
rT ot Tt
1 1
Im ——=1Ilim - =0
t—oo f t—oo
. sint . 5sint .
Therefore lim—— =0 and Ilim —— = |lim y,(z) =0
t—oo t—oo t—>00

z”—[go(yl(t) — (1)) =0-0=0
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(h) Ontheintervab < < 2m, at what time are the two objects farthest apart? How far
apart are they at this time?

5sint

Define f(t) = y,(t) — y1(t) = — 5e~! cost
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The objects are farthest apart at time- 1.260.

The objects are 3.344 units apart at that time.
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2. The graph in the figure below shows the vertical velocity foesevator as a function of time,
where the velocity is measured in units of feet per secondiaralis measured in units of
seconds, witl) < ¢ < 12 seconds. The initial height, or position, of the elevator(@) = 6
feet above the ground.
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(a) Find the acceleration of the elevator at time 2 seconds. Indicate units of measure.
The slope of the velocity graph at time= 2 seconds is-1.
a2) =v'(2) = —1ft/s

(b) Is the elevator speeding up or slowing down at time 4 seconds? Explain your
reasoning.
v(4) =—1s and a(4) = —1 ft/s.

Sincev(4) < 0 anda(4) < 0, the elevator is speeding up.

(c) Find the average velocity of the elevator over the time &ty < ¢ < 12 seconds.

[—
N =
[\
~

N (z)a’z—1 0 2—-6—-1+1+4 _ 1
2-0/, ° ~12\2 12

(d) Find the time at which the elevator reaches its greateshhalgpve the ground. What is
that height?

t t
Height of the elevator:y () = y(0) +/ v(x)dx =6 +/ v(x)dx
0 0

y'(t) =v()
v(t)=0:t=3,9
v(¢) DNE: none



(€)

(f)

(9)

t ] y()
0|6
9 21
3l6+5=7
9 3
9 6+(5—9):5
1 13
12645 =—

. . 1 . .
The maximum height of the elevator4225 feet, which occurs at time= 3 seconds.

Does the elevator ever go below ground levek 0)? Justify your answer.

- . 3.
The absolute minimum height of the elevat05|$eet.

Therefore the elevator never goes below ground level.

Find the acceleration of the elevator when it is at its lovies|.
The elevator is at its lowest height at time= 9.

The slope of the velocity graph is 2 at that time.
Thereforea(9) = v'(9) = 2 ft/s?

Find the height of the elevator at time= 12 seconds.
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