Ages 17-19 — You must still think yourself, CAS can only help

a) A classroom activity and instructions for teachers

(i) Ask the students to draw the graph of a cubic, e.g. f(x)=x*~5-x*+2-x+4. They must all

have the same graph.

(if) Each student now chooses a linear function g(x) = p-x-+q, such that the line intersects the

cubic three times. Have each student choose a different linear function.

(iii) Determine the solutions x1, x2 , and x3 to the equation f(x)=g(x) and calculate the sum

of the solutions, x1 + x2 + x3 . The values of the three solutions can be found using either the

graph or solve.

The most direct way to obtain the sum is to write: sum(zeros (f(x)-g(x),x)).

It will definitely surprise the students that even though they have different values for the
solutions x1, x2 , and x3, they will all obtain the same sum (x1+x2+x3=5).

(iv) Repeat the above procedure with another cubic.

(v) Conjecture

For any cubic f(x)=x3+a-x?+b-x+c the graph of which intersects a line at three points,

the sum of the x-values of the intersection points is — a regardless of which line is drawn.

b) Solution for (v)

Proving the conjecture cannot be done directly with a Voyage 200. If you try to solve the equation

X*+a-x*+b-x+c=p-x+q (*), youwon't get anywhere.

You simply do not get an expression for the solutions. The proof is easy — also by hand — but you

must have an approach for solving the problem.

Proof

The solutions x1, x2 and x3 to equation (*) are the zeros of the polynomial h(x) where:

h(x)=f(x)-g(x)=x*+a-x*+(b—p)-x+c—q. This means that

h(x) = (x—x1)-(x—x2)-(x—x3), and at this point
many students will choose to use their Voyage 200.

This concludes the proof. The basic reason why we
get the same sum for all lines is that the values of
p and g do not affect the coefficient of the term of
degree 2.

I‘Fi T FE™ Trsv]’ i T FE T FE™
TE Algebra|Calc|Other|PrgmId|Clean Llpm

®expand([x — x11-(x — =21 (= - =30
O Y o REVL-RURY, SOV JFIRWS ROV JRPRTIRVE I |

L Factnr‘[ Sulom® — wPew® - ><3->c:2]
[l + w2+ ><3)-><2

wEOPC Tl ¥ M2 w2 X2 w3 X2 ]

HMAIN KAD AUTO FUNC 2/50




This simple example demonstrates the importance of good mathematical understanding for solving
problems in a CAS classroom. Students will not be able to use CAS to solve this problem unless
they have good mathematical understanding of the problem.

c) (i) Example

With f(x)=x’-5-x*+2-x+4 and g(x)=—6-x+20 there is only one point of
intersection. The equation f (x)=g(x) has one real solution and two imaginary solutions.
The proof in b) can be extended to complex humbers without any changes.
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(ii) Exercise

With f(x)=x’-6-x*+5-x+4 and g(x)=-7-x+12 we get
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What is wrong? Why is the sum of zeros not equal to 6 ?

(iii) Exercise

Study f(x)=x*~6-x*+5-x+4 and g(x)=—-4-x+8 the same way as above, and
try to formulate a general theorem about the sum of solutions for any equation

X*+a-x*+b-x+c=p-x+q .

d) Exercise

Draw the graph of the quartic f (x) = x*—2-x*~3-x*+5-x—3 and choose a linear function
g(x)=p-x+q to give four intersection points. Answer questions (1)-(3) given above for this

quartic.



